The size and structure of the dusty circumnuclear torus in active galactic nuclei (AGN) can be investigated by analyzing the temporal response of the torus's infrared (IR) dust emission to variations in the AGN ultraviolet/optical luminosity. This method, reverberation mapping, is applicable over a wide redshift range, but the IR response is sensitive to several poorly constrained variables relating to the dust distribution and its illumination, complicating the interpretation of measured reverberation lags. We have used an enhanced version of our torus reverberation mapping code (TORMAC) to conduct a comprehensive exploration of the torus response functions at selected wavelengths, for the standard interstellar medium grain composition. The shapes of the response functions vary widely over the parameter range covered by our models, with the largest variations occurring at shorter wavelengths (≤ 4.5 µm). The reverberation lag, quantified as the response-weighted delay (RWD), is most affected by the radial depth of the torus, the steepness of the radial cloud distribution, the degree of anisotropy of the AGN radiation field, and the volume filling factor. Nevertheless, we find that the RWD provides a reasonably robust estimate, to within a factor of ∼ 3, of the luminosity-weighted torus radius, confirming the basic assumption underlying reverberation mapping. However, overall, the models predict radii at 2.2 µm that are a typically factor of ∼ 2 larger than those derived from K-band reverberation mapping. This is likely an indication that the innermost region of the torus is populated by clouds dominated by large graphite grains.
INTRODUCTION
A key element of the unified model of active galactic nuclei (AGN) is a toroidal distribution of dusty molecular gas (the "torus"), which surrounds the supermassive black hole (SMBH) and its accretion disk (Krolik & Begelman 1988; Antonucci 1993; Urry & Padovani 1995) . This structure causes heavy obscuration from soft X-ray to near-infrared (NIR) wavelengths, with the result that the observed spectrum (i.e., whether that of a broadline/ type 1 or narrow-line/ type 2 AGN) is determined by the orientation of the torus with respect to the observer's line of sight (e.g., Antonucci 1993) . The dust is heated by the absorbed ultraviolet (UV)/optical radiation of the accretion disk and re-emits in the IR; thus, the torus is a major contributor of mid-IR radiation in most AGN (Telesco et al. 1984; Sanders et al. 1989 ).
In the years since it was first formulated, much evidence has emerged suggesting that the simple unified model based on a dusty circumnuclear torus does not by itself provide a complete framework for explaining AGN phenomenology. In particular, there may be other sources of obscuration, such as galactic-scale dust lanes (e.g., Prieto et al. 2014) , and there are situations where a torus-like structure may not be present, such as in low-luminosity AGN ("true" type 2s; e.g., Merloni et al. 2014) or in high-luminosity AGN fueled by accretion in major mergers. Nevertheless, there is strong observational evidence that a compact, clumpy, axisymmet-ric obscuring structure containing hot dust is present in most AGN (see the recent Netzer 2015 review for a discussion of these issues). This dusty axisymmetric obscuring structure, which, for brevity and convention, we will refer to as the "torus", is therefore important to our picture of AGN but our limited knowledge of its size and structure, as well as how these properties vary with luminosity, hinders our ability to understand the obscured AGN population and hence the cosmic evolution of SMBHs.
The inner radius of the "torus", is set by the dust sublimation radius, R d 1 pc, which in turn is set by the dust sublimation temperature, T sub , (Barvainis 1987) . As this corresponds to angular scales ∼milli-arcseconds, even in the closest AGN, the innermost regions of the torus are too small to be directly imaged by any existing single aperture telescope. Constraints on the size and structure of the torus have been obtained in recent years using near and mid-IR interferometry (e.g., Kishimoto et al. 2011; Burtscher et al. 2013 ), but only in bright, nearby AGN.
Recent ALMA (Atacama Large Millimeter/submillimeter Array) observations have revealed disk-like structures with scales ∼ 10 pc in several AGN, including one of the closest, NGC 1068, which appear to be the sub-millimeter counterparts of the torus (Gallimore et al. 2016; García-Burillo et al. 2016; Imanishi et al. 2016 Imanishi et al. , 2018 Alonso-Herrero et al. 2018; Combes, F. et al. 2019) , but this is far beyond the wavelength (∼ 30 µm) at which the torus dust emission peaks.
An alternative approach, which is not fundamentally distance limited, is "reverberation mapping". This technique has been extensively applied to the broad emission line region in AGN (e.g., Blandford & McKee 1982; Peterson 1993 Peterson , 2014 Shen et al. 2016 and references therein) but can also be used to infer the size and structure of the torus from the temporal response of its IR emission to changes in the AGN optical luminosity (Clavel et al. 1989; Barvainis 1992) . The delay ("reverberation lag"), due to light-travel times, between the optical variations and the IR response can be directly measured from the light curves and provides an estimate of the size of the torus.
The dust reverberation radius has now been measured by NIR (K-band) reverberation mapping for about 20 AGN (e.g., Nelson 1996; Oknyanskij & Horne 2001; Minezaki et al. 2004; Suganuma et al. 2006; Lira et al. 2011; Koshida et al. 2014; Pozo Nuñez et al. 2014; Lira et al. 2015; Mandal et al. 2018) . Some of the authors of this paper are members of a collaboration that recently conducted a 2.5 year monitoring campaign, during which 12 broad-line AGN were observed using the Spitzer Space Telescope at 3.6 and 4.5 µm, supported by ground-based optical observations. The first results from this campaign were reported in Vazquez et al. (2015) and Vazquez (2015) .
The size of the torus can be inferred from the measured reverberation lag alone, but the IR response is the convolution of the AGN UV/optical light curve with a transfer function that contains information about the geometry and structure of the torus. In principle, therefore, by analyzing the light curves, it is possible to constrain structural properties such as the radial depth and inclination of the torus, as well as measuring the reverberation radius. However, since many parameters influence the response, we need models to properly interpret the observed lags and extract the torus structural information. We have developed a computer code for this purpose, which simulates the IR reverberation response of a 3D ensemble of dust clouds at selected wavelengths, given an input optical light curve , hereafter A17; see also .
The code, Torus Reverberation Mapping Code (TOR-MAC), is based on the response mapping code of Robinson and collaborators (e.g., Robinson & Perez 1990; Perez et al. 1992) and adopts a geometry similar to that used in the CLUMPY torus model described in Nenkova et al. (2008b) . In A17, we described the code and presented simulated dust emission response functions at 3.6, 4.5, and 30 µm to explore the effects of certain geometrical and structural properties, dust cloud orientation, and anisotropy of the illuminating radiation field. We also briefly discussed the effects of cloud shadowing and presented some example synthetic light curves using the observed optical light curve of the Seyfert 1 galaxy NGC 6418 as the input.
In this paper, we introduce the effects of cloud occultation into the code, which represents the extinction of the IR emission from a given cloud by intervening clouds along the line of sight to the observer. However, our main purpose is to present the results of a comprehensive investigation of the torus response as a function of the parameters that control the overall structure of the torus, its cloud population, and its illumination by the AGN radi-ation field, including both local and global optical depth effects. For this purpose, we have computed a large set of torus response functions, i.e., numerical approximations to the transfer function, at selected wavelengths, which we characterize in terms of a response-weighted delay (RWD; the first moment of the transfer function) and a ratio that measures the relative power that emerges in the core of the response function ("core-to-total area ratio," CTAR).
The RWD is essentially the reverberation lag, which can be determined observationally from time series analysis. An important motivation for this study is to investigate the relationship between the RWD and the characteristic size of the torus for emission at a given wavelength, as represented by the luminosity-weighted radius (LWR), in order to establish whether the former does indeed provide a robust measure of the latter. This paper is organized as follows. First, the computer model is summarized and the implementation of cloud occultation is outlined in Section 2. In Section 3, we discuss the basic properties of the response function of a disk using simple models in which the dust clouds are isotropically emitting blackbodies. We also define quantities that characterize the torus size (LWR) and its response (RWD, CTAR).
In Section 4, we show models in which the dust cloud emission is computed by interpolation in a grid of dust radiative transfer models, beginning with a globally optically thin torus (i.e., containing optically thick clouds, but the volume filling factor of the torus is negligible), and successively explore the effects of anisotropic illumination of the torus, cloud shadowing, and cloud occultation. In Section 5, we present the response functions for the more realistic case of a globally optically thick (GOT) torus, which incorporates cloud shadowing and cloud occultation, with the volume filling factor governing their importance. In Section 6, we discuss the implications of our results and the limitations of the current treatment. Lastly, in Section 7, we conclude with a summary of our findings and an outline of future work. Additional figures showing response functions and the variations of the descriptive quantities with various model parameters can be found in Appendix B.
REVIEW OF MODEL: TORMAC
TORMAC was introduced in detail in A17. Here we will summarize the code's main features and new capabilities.
TORMAC sets up a 3D ensemble of dust clouds randomly distributed within a disk structure defined by the ratio of the outer to the inner radius, Y , an angular width, σ, and the inclination to the observer's line of sight, i (the torus is face-on when i = 0 • ). We also assume that the polar axes of the torus and the accretion disk are aligned. In the radial coordinate, r (measuring the radial distance from the central source), the clouds are arranged following a power-law distribution with index p. In polar angle, θ, there are two choices for the cloud distribution. In one, the torus surface has a "sharp edge" defined by σ and the clouds are distributed uniformly in θ within the range (90 • −σ) ≤ θ ≤ (90 • +σ) (see Figure 1 in A17). In the other, "fuzzy torus" case, the clouds follow a Gaussian distribution in angle β (which is measured from the equatorial plane and is the comple-ment of the polar angle, i.e., β = 90 • − θ). Finally, the clouds are distributed uniformly in the azimuthal angle, φ.
The dust clouds are either heated directly by the UV/optical continuum emitted from the accretion disk or, if shadowed (see below), indirectly by the diffuse radiation field produced by the directly illuminated clouds. (Diffuse radiation heating of directly heated clouds generally has only a small effect compared to direct heating and is not included, Nenkova et al. 2008a .) The illuminating AGN radiation field may be anisotropic, due to "edge darkening" of the accretion disk. To model this, the AGN luminosity is assumed to have the following polar angle dependence: L(θ) = [s + (1 − s)(1/3) cos θ(1 + 2 cos θ)]L AGN (1) (see Netzer 1987) , where L AGN is the isotropic bolometric luminosity of the AGN and the parameter s determines the degree of anisotropy. The inner radius of the torus is taken to be the dust sublimation radius, and for s < 1, this radius will be a function of both the dust sublimation temperature, T sub , and θ. For the standard Galactic grain mixture adopted in the models presented in this paper, the sublimation radius is (Nenkova et al. 2008b) R d (θ) 0.4 L(θ) 10 45 erg s −1 1/2 1500 K T sub 2.6 pc. (2) For an isotropically illuminated torus, s = 1, Equation 1 becomes L(θ) = L AGN and, thus, the inner radius, R d,iso , given by Equation 2 is no longer dependent on θ.
The emitted flux of a cloud at a particular observer time is determined by interpolation in a grid of synthetic cloud spectra that was created for the CLUMPY torus model described by Nenkova et al. (2008a,b) . The spectral energy distribution (SED) of the illuminating AGN continuum is represented by a broken power law as defined by Equation 13 in Nenkova et al. (2008a) . The spectrum of any given cloud within the model grid depends on the surface temperature of its illuminated side, T cl , the orientation angle, α (the angle between the directions of the cloud and the observer from the central source), and its optical depth, τ V . The spectrum depends on α because clouds heated directly by the AGN emit anisotropically, since the side facing the central source has a higher temperature than the non-illuminated side. This effect is analogous to lunar phases, where α determines the fraction of the illuminated surface the observer sees. We henceforth refer to this as the "cloud orientation" effect. The surface temperature of the directly heated clouds is determined from the incident AGN continuum flux at the position of the cloud as defined by r and α, at the retarded time corresponding to the current observer time. As grain heating and cooling occur effectively instantaneously (Nenkova et al. 2008a; van Velzen et al. 2016) , we assume that individual clouds respond on timescales that are much less than the light-crossing time of the inner dust-free cavity of the torus, τ d = 2R d,iso /c (see also Ichikawa & Tazaki 2017) .
The emission from a given cloud is subject to two "global" opacity effects. The first is cloud shadowing, whereby an outer cloud at some radius, r, has its line of sight to the central AGN continuum source blocked by one or more inner clouds at smaller r, closer to the central source. Clouds that are shadowed in this way are heated indirectly by the diffuse radiation emitted by surrounding directly illuminated clouds (see A17). The second is cloud occultation, whereby the emitted spectrum of a cloud may be attenuated by clouds intervening along the line of sight to the observer. The implementation of this effect in TORMAC is described in Section 2.1. The probability that any given cloud is either shadowed or occulted is determined by the volume filling factor, which is specified as a free parameter and is given by Φ = N V cl /V tor , where V cl and V tor are the volumes of an individual cloud and the torus, respectively, and N is the total number of clouds. The radius of an individual cloud is then R cl = [3ΦV tor /4πN ] 1/3 , assuming that they are spherical.
As the torus inner radius is taken to be the dust sublimation radius, the surface temperature of clouds near the inner radius will typically exceed T sub as the AGN luminosity varies. However, optically thick dust clouds have a strong internal temperature gradient, and only dust grains close to the illuminated surface will have temperatures T sub . These clouds will be gradually eroded rather than being instantaneously destroyed. Therefore, in the models presented here we have adopted a simplified treatment of dust sublimation, in which the cloud surface temperature is constrained to T cl = T sub , where T sub = 1500 K, even when the AGN continuum luminosity is such that the computed cloud surface temperature exceeds the sublimation temperature. A consequence of this assumption is that the torus response tends to "saturate" at shorter wavelengths, since the emission from clouds at temperature T cl = T sub is constant. How this saturation effect modifies the torus response is discussed in Section 6.4.
In summary, TORMAC sets up a 3D ensemble of clouds defined by input parameters Y , σ, i, p, L AGN , s, and Φ. In the models presented here, all clouds in each model have the same size (determined by Φ) and V-band optical depth, τ V . The dust grain composition is a standard Galactic ISM mix of 53% silicates and 47% graphites assuming the Mathis-Rumpl-Nordsieck (Mathis et al. 1977 ) grain size distribution. Given an input AGN optical light curve, the observed cloud emission is determined by taking into account the AGN illumination (which may be anisotropic), light-travel delays within the torus, cloud shadowing, and cloud occultation effects. The torus luminosity at selected IR wavelengths is computed at each observer time step by summing over all clouds in order to produce an IR light curve for each wavelength.
The TORMAC model parameters are summarized in Table 1 , which also lists the values of those parameters used in the simulations presented in this paper. The models discussed in Sections 4 and 5 explore specific axes of the multi-dimensional parameter space rather than sampling all possible combinations. Therefore, we define a "standard" set of parameter values, which are the values of the parameters that are held fixed when other parameters are varied. These are indicated in bold type in the table. Dust clouds start to become optically thick to emission at NIR and shorter MIR wavelengths when the V-band optical depth τ V > 10 (e.g., τ 3.6 µm 1 for τ V 25). Therefore, the IR emission observed from a given cloud can be attenuated due to extinction by any intervening clouds along the line of sight to the observer. The amount of attenuation depends on the number of clouds along the line of sight and the cloud's optical depth.
The number of clouds along the line of sight between an emitting cloud and the observer is determined by the cloud's position in the torus, α, and the radial distribution of clouds (i.e., input parameter p). Clouds on the side of the torus farthest from the observer are most likely to be occulted. For any given cloud, the number of occulting clouds is determined by calculating whether foreground clouds (i.e., those with a shorter path length through the torus, toward the observer) intersect with the cloud of interest on the plane perpendicular to the line of sight.
Assuming spherical clouds with size R cl , two clouds intersect when the projected area of intersection A occ > 0. Since all clouds in TORMAC currently have the same size, then
where d sep is the distance between the centers of both clouds. For simplicity, in the current version of TOR-MAC we consider a cloud to be completely occulted when 50% or more of the cloud's projected surface area is blocked by an intervening cloud, or clouds (i.e., when A occ ≥ 0.5πR 2 cl ). Once the number of occulting clouds, N cl occ , is determined, we then use a discrete version of Equation 5 in Nenkova et al. (2008a) to determine the attenuated cloud flux, F cl att,λ = F cl,λ e −t λ , where t λ = N cl occ (1 − e −τ λ ) and F cl,λ is the cloud's emitted flux. As noted by Nenkova et al. (2008a) , the attenuation becomes independent of wavelength when τ λ >> 1, such that t λ = N cl occ ; and becomes analogous to a uniform medium in which clouds are the "absorbing particles" when τ λ << 1, such that t λ = N cl occ τ λ . The cloud optical depth at a particular wavelength is τ λ = τ V (C ext,λ /C ext,V ), where C ext,λ and C ext,V are extinction coefficients calculated using the extinction curves of Weingartner & Draine (2001) and Li & Draine (2001) .
REVERBERATION RESPONSE OF A DISK: GENERAL

FEATURES
The response of the IR emission to the driving time variability of the AGN UV/optical continuum can be expressed as the convolution of the UV/optical light curve with a transfer function, whose form depends on the geometrical and structural properties of the torus,
where τ is an arbitrary delay, Ψ(τ ) is the transfer function, L(t) is the IR light curve, and L c (t − τ ) is the continuum light curve at an earlier time (Peterson 1993) . The transfer function is considered to be the response to a delta function input continuum pulse.
For the TORMAC simulations presented in this paper, the input AGN light curve is a square wave pulse with a finite amplitude and a much shorter duration than the light travel time to the torus inner radius, which gives a numerical approximation to a delta function. The time dependent torus specific luminosity at a given wavelength, L λ (t), produced by each simulation is then a close numerical approximation to the transfer function that we, hereafter, refer to as the response function.
As outlined in Section 2, the torus is modeled as a disk of constant angular width. In this section, our aim is to characterize the basic shape of the RF and how it is affected by the geometrical parameters that define the dust distribution's structure (Y , σ, i) and the radial distribution of clouds (p). In order to facilitate comparison with simple analytical transfer functions and isolate the effects of the geometrical parameters, the simulations presented in this section are based on the simplest case of directly heated clouds represented as perfect isotropically-emitting blackbodies. Quantities that characterize the torus RFs will also be introduced, and their dependence on the geometrical parameters of the dust distribution will be explored. The wavelengthdependent effects associated with dust radiative transfer, cloud orientation, anisotropic illumination of the torus, cloud shadowing, and cloud occultation will be explored in Sections 4 and 5.
The response functions presented in this paper were constructed by averaging the specific torus luminosity, L λ (t), over 5 simulation runs, each including 50,000 clouds. These numbers were chosen to minimize statistical noise, while maintaining reasonably short run times. The averaged luminosity is normalized so that its amplitude varies in the range 0 → 1. Thus, the normalized response function (RF) is defined as RF = L λ (t)−L λ,0 L λ,max −L λ,0 , where L λ,max is the maximum luminosity reached in the response and L λ,0 is the torus luminosity in its initial steady state, i.e., prior to the onset of the continuum pulse.
The time delay is normalized to the light-crossing time of the torus, i.e. τ = ct/2R o . In these units, the light-crossing time of the cavity within 2R d,iso is
Characteristic Descriptive Quantities of the
Reverberation Response It is generally assumed that the lag between the optical and IR light curves, as determined by reverberation mapping, is a good measure of the "size" of the torus. One of the aims of this work is to investigate how well this assumption holds, given that most of the parameters that influence the torus response are poorly constrained. For this purpose, it is useful to introduce quantities that characterize the effective size of the torus, the characteristic delay associated with its reverberation response, and the general shape of its RF.
The effective radius of the torus can be characterized by the dimensionless luminosity-weighted radius (LWR),
where ε(r) is the volume emissivity distribution. The number density of clouds is n(r) ∝ r p−2 , and for spherical blackbody clouds with the same radius, R cl , the luminosity of an individual cloud is L cl = πR 2 cl L AGN /(4πr 2 ). Therefore, ε(r) = nL cl ∝ r p−4 , and for a spherical shell (or, indeed, the sharp-edged torus geometry described above),
The characteristic delay (or lag) of the transfer function may be characterized by the dimensionless responseweighted delay (RWD),
Using the transfer function given by Robinson & Perez (1990) and Perez et al. (1992) for blackbody clouds within a spherical shell, the dimensionless RWD is identical to the dimensionless LWR as given by Equation 5. Thus, in this particular case (a spherical shell containing isotropically-emitting blackbody clouds), RWD = LWR for all values of Y and p (Robinson & Perez 1990 ). In physical units, the time delay that corresponds to the RWD is t RW = 2R o RWD/c = 2YR d RWD/c. This is essentially equivalent to the lag, t lag , that is recovered from reverberation mapping, i.e., t lag ≈ t RW . On the other hand, the quantity we seek to determine by measuring the reverberation lag is the characteristic radius of the torus, which in physical units is r LW = LWR × R o . That is, the reverberation lag is assumed to be the lighttravel time corresponding to the characteristic radius, t lag ≈ t RW ≈ r LW /c.
Lastly, the overall shape of the torus transfer function can be simply characterized by the ratio of the core-tototal luminosity of the response, where the "core" of the transfer function is bounded by the inner cavity light crossing time, τ ≤ 1/Y (see the blue shaded region in Figure 2 for an example). This quantity, the ratio of core area to the total area of the transfer function ("core-to- The different colors show different volume emissivity distributions, ε(r) ∝ r η ∝ r p−4 , for p = −2 (green), 0 (blue), 2 (red), and 4 (cyan). total area ratio", CTAR) is defined by
The CTAR for a spherical shell containing blackbody clouds is
Henceforth, we will refer to the LWR, RWD, and CTAR collectively as "descriptive quantities" of the models. Figure 1 shows how the descriptive quantities defined above (Equations 5 and 8), for a spherical shell filled with blackbody clouds, vary with the radial depth parameter Y , for several values of the index p of the radial cloud distribution. The RWD (top panel) decreases as Y increases, but the amount by which it decreases is strongly dependent on the radial distribution of clouds; for p ≤ 0 (i.e., most clouds reside closer to R d ) the RWD decreases much more steeply than for p > 0. For example, RWD is nearly independent of Y when p = 4 (cyan line), corresponding to ε(r) ∼ constant.
As already noted, the ratio RWD/LWR = 1 (middle panel). Thus, for this simple model, the lag recovered from reverberation mapping (i.e., RWD) is a direct measure of the LWR regardless of Y or p. The bottom panel shows that, as for the RWD, CTAR decreases as Y increases, as would be expected since the "core width" of the transfer function is 1/Y by definition. However, CTAR shows the opposite behavior with p, decreasing more rapidly with increasing p, and hardly changing for p = −2 (green line). Again, this is because the clouds are highly concentrated close to the inner radius (n(r) ∝ r −4 for p = −2), so that the response is dominated by the "core" at all values of Y .
The RWD and CTAR are defined in terms of the transfer function in Equations 6 and 7. In order to calculate these quantities for our TORMAC models, we replace Ψ(τ ) in those equations with the numerical RFs obtained from the simulations. Similarly, the numerical volume emissivity is used in Equation 4.
Disk Response Functions for Blackbody Clouds
TORMAC was used to compute RFs for a disk containing isotropically emitting blackbody clouds. Although the fuzzy torus case (Section 2) is probably a better representation of reality, only sharp-edged disk models are presented here as we are currently interested in how torus geometry affects the RFs. Figures 2 and 3 illustrate the effect on the RFs of a sharp-edged disk when radial depth (Y ), inclination (i), the angular width (σ), and the radial cloud distribution (p) are varied. Representative analytical solutions for the spherical shell transfer function are plotted (in black) for comparison. In Figure 2 , the values of the descriptive quantities RWD, LWR, and CTAR are also indicated for each RF.
Just as for the spherical shell transfer function, the disk RFs reach their maxima for τ < 1/Y and have declining "tails" for τ 1/Y , with the value of p determining the rate at which the RF tail decays. However, whereas the spherical shell transfer function reaches its maximum at τ = 0 and is flat-topped for τ ≤ 1/Y , the structure of the disk RF, particularly within the core for delays τ ≤ 1/Y , also depends on i and σ. As discussed in A17, there is a delay before the onset of the response for i < 90 • − σ (Figures 2 and 3 ; top row). This results from the fact that the observer's line of sight falls within the hollow cone aligned with the polar axis (i.e., θ ≤ 90 • −σ) so that there are no clouds that can respond with the shortest delays, τ ∼ 0 (see Appendix A).
In addition, the RF becomes double-peaked for larger inclinations, with these features being most prominent when the disk is edge-on (i = 90 • ; Figures 2 and 3; bottom row). Double peaks arise because the isodelay surface corresponding to the continuum pulse intersects fewer clouds as it passes through the central cavity of the torus. The first peak is due to the response of clouds on the near side of the torus relative to the observer; the second, lower amplitude, peak results from the more delayed response from its far side. This double-peaked structure is suppressed, even for edge-on inclinations, at larger values of p or for larger values of σ ( Figure 3 ). In-creasing p gives more weight to the outer regions in the response, resulting, as for the spherical shell, in a slower decay for τ > 1/Y . As σ is increased, the RFs more closely resemble those for a spherical shell, as expected ( Figure 3 ).
An interesting departure from the general trends seen in Figure 3 is the case of the thin (σ = 15 • ), face-on (i = 0 • ) disk with p = +2 (top left panel; red line). For this case, the RF is flat-topped with a steep decay, reminiscent of the spherical shell response for small Y and p < 0. This occurs because, for a thin disk with p = +2, elemental radial shells within the torus resemble annuli with constant luminosity -even though the volume emissivity decreases as 1/r 2 , the number of clouds per radial shell increases as r 2 . The intersection of the isodelay surface with a thin, face-on disk is a circle, so the response to the continuum pulse propagates through the torus as an expanding annulus, which has a constant luminosity.
In summary, the disk RFs show trends in the core width and the slope of the decay tail that are similar to those seen in the spherical shell models. However, they also exhibit features characteristic of a disk response, including a delay before the response onset at face-on inclinations and a double-peaked structure within the core for more edge-on inclinations. The presence and prominence of these features in general depend on p, i, and σ. Recall that the values of RWD, LWR, and CTAR for the disk models are also indicated in Figure 2 so that they can easily be compared with the corresponding RFs.
Descriptive Quantities
It can be seen in the top panels of Figures 4 -6 that the RWD for the disk shows the same behavior as the spherical shell RWD when Y and p are varied, i.e., decreasing as Y increases but increasing as p increases. Indeed, the RWD values obtained from the computed disk RFs are essentially identical to those of the analytic spherical shell solutions. Furthermore, the RWD for the disk is independent of i and σ ( Figures 5 and 6 ) -it depends only on Y and p just as the analytical spherical shell case does.
The ratio RWD/LWR is plotted in the middle panel of Figures 4 -6. As noted in Section 3.1, RWD/LWR = 1 for the spherical shell transfer function. The computed values for the disk RFs are also ≈ 1, to within 2%. The disk values are systematically slightly higher (> 1) and also show systematic decreasing trends with Y and p. These small differences result from the finite width of the input pulse used in TORMAC to compute the RFs, which has a larger effect for smaller Y and p.
The quantity that describes the RF shape, CTAR, is plotted in the bottom panels of Figures 4 -6. The CTAR values for the disk RF follow the same general trends when Y and p are varied as for the spherical shell model, decreasing as both Y and p increase. In detail, however, the behavior of the disk CTAR is not the same as for the spherical shell and depends on p, i, and σ. For example, for a face-on disk (i = 0 • ), CTAR is higher than the -Torus of blackbody clouds versus Y : TORMAC RFs for a torus with σ = 45 • filled with isotropically emitting blackbody clouds for p = 0 (blue), where each row represents a different inclination from top (i=0 • ) to bottom (i=90 • ). Each column represents a different Y value increasing from left (Y = 2) to right (Y = 10). The black line represents the analytical transfer function for a spherical shell with p = 0 for comparison. The descriptive quantities for each RF are shown in each panel with RWD as the dashed purple line, LWR as the solid red line, and the CTAR value printed. The shaded blue area represents the "core" area of the response function used to calculate CTAR. spherical shell value for p < 0, but lower for p > 0, whereas the edge-on disk (i = 90 • ) exhibits the opposite behavior ( Figure 5 ; green and red lines, respectively). These differences arise because, for p ≤ 0, the core of the RF is more prominent when the disk is face-on, but less prominent when it is edge-on, than is the case for p > 0 ( Figure 3) . The RF has a higher CTAR value for p ≤ 0 when the disk is face-on than when it is edge-on because the RF is double-peaked in the latter case, causing it to have a smaller core area.
CTAR also varies slightly with σ ( Figure 6 ). Not surprisingly, the difference between the disk and spherical shell CTAR values at a given p value increases as σ is decreased, since the disk is becoming thinner, i.e., less "spherical". Conversely, as σ is increased, the disk CTAR values converge to the spherical shell case.
In summary, the disk RF descriptive quantities behave in a very similar way to the analytical solutions for a spherical shell. The disk RWD exhibits essentially identical variations to those of the spherical shell model. It depends only on Y (decreasing with increasing Y ) and p (increasing with increasing p), and it is independent of i and σ. In addition, within the limitations of the numerical approximation, RWD/LWR = 1 for the disk in all cases, as predicted by the analytical solution for a spherical shell, and indicating that, for this idealized torus, the reverberation lag is a precise indicator of its effective radius. Finally, CTAR is mainly dependent on Y and p, decreasing as both parameters increase, as for the spherical shell model, but it also varies slightly with both σ and i.
DUST EMISSION RESPONSE FUNCTIONS: INDIVIDUAL
EFFECTS
The blackbody cloud models considered in Section 3 serve to establish the general features of the response of a disk with respect to the basic geometrical parameters (Y , p, i, σ) and the radial cloud distribution (p). In this section and Section 5 we analyze the multiwavelength IR dust emission response from a clumpy torus, now composed of dust clouds whose emission is determined using a grid of radiative transfer models as described in Section 2. The IR response will be explored at selected NIR and MIR wavelengths (λ =2.2, 3.6, 4.5, 10, 30 µm). -Torus of blackbody clouds versus σ: TORMAC RFs for a torus with Y = 10 filled with isotropically emitting blackbody clouds for p = −2 (green), 0 (blue), and 2 (red). Each row represents a different inclination from top (i=0 • ) to bottom (i=90 • ). Each column represents a different σ value increasing from left (σ = 15 • ) to right (σ = 75 • ). The black line represents the analytical transfer function for a spherical shell with p = 0 for comparison. (The p = 2 case appears below 1 due to numerical noise.) These wavelengths were chosen to represent a range of dust temperatures characteristic of the torus, from the hottest dust near the sublimation radius to the cooler dust emitting near the peak of the AGN IR SED.
In Section 5, we will investigate the responses of "globally optically thick" torus models, including the effects of cloud orientation, cloud shadowing, and cloud occultation. However, in order to illustrate how each of these effects individually influences the dust emission response, they will be introduced and summarized one at a time in this section, starting with a "globally optically thin" torus, in which the individual clouds are optically thick but the global opacity effects (cloud shadowing and occultation) are omitted.
As the AGN central source is generally assumed to be a geometrically thin, optically thick accretion disk, we will also consider the effects of anisotropic illumination of the torus.
The results discussed in this, and the following section are based on a large set of models computed for selected combinations of the parameter values listed in Table 1 . As noted in Section 2, we have explored the behavior of the RFs along each axis of the multi-dimensional parameter space rather than uniformly sampling all possible combinations. In these models, the radial depth of the torus is varied over the range Y = 2 − 50, representing compact to radially extended configurations. The inclination of the torus axis to the observer's line of sight ranges from i = 0 (face-on) to i = 90 • (edge-on), and its angular width ranges from σ = 15 (thin disk) to σ = 60 • (thick disk).
The power-law index of the radial cloud distribution has values in the range p = −2 to 4, corresponding to cloud number density distributions n(r) ∝ r −4 to r 2 . The individual dust clouds have optical depths ranging from τ V = 5 to 100, and the torus volume filling factor is varied between Φ = 0.001 and 0.1. Finally, the degree of anisotropy of the illuminating radiation field is controlled by the parameter s, which has values ranging from s = 0.01 (highly anisotropic) to 0.99 (essentially isotropic). With the exception of s, the adopted ranges in the model parameters are loosely based on those found by Nenkova et al. (2008b) to generally reproduce the IR SEDs of AGN.
Also, as mentioned in Section 2, we define a reference model defined by a standard set of parameter values: Y = 10, i = 0 • , p = 0, σ = 45 • , and τ V = 40. For models that include cloud shadowing or occultation or both, we adopt Φ = 0.01 as the standard value of the torus volume filling factor. For this value of Φ, the average number of clouds intercepting an equatorial ray is ≈ 5. The radiation field asymmetry parameter is s = 1 for models where the torus is illuminated isotropically, and it has a standard value s = 0.1 for models where the torus is illuminated anisotropically. We have adopted the sharp-edged disk geometry as the standard case, for simplicity, but the RFs of the "fuzzy-edged" torus case are also discussed in Section 5.3.3.
Recall that all RFs are the average of 5 simulation runs, each including 50,000 clouds, and are normalized as described in Section 3.
Globally Optically Thin Torus
Here we consider the effects on the torus response of radiative transfer in individual dust clouds. As these effects have already been discussed for a limited set of torus parameters in A17, here we will briefly recap the main points for completeness and investigate how the response changes with respect to the radial cloud distribution and optical depth. In these models, the torus is considered to be globally optically thin in the sense that all clouds are directly illuminated by the AGN and their emission reaches the observer unattenuated by intervening clouds. This situation corresponds to the case of a torus that has a negligible volume filling factor, but in practice, cloud shadowing and cloud occultation effects are simply turned off. This is equivalent to setting Φ ≤ 0.001 in the globally optically thick models of Section 5.
Isotropic Illumination
We first consider the case in which the torus is illuminated isotropically by the AGN continuum. As discussed in A17, the emitted flux decreases more rapidly with cloud surface temperature (and hence with radius) at shorter wavelengths, with the result that the torus IR emission responds to the AGN continuum variations more quickly and with a larger amplitude at shorter wavelengths than at longer wavelengths. The effect is similar to that of varying p; at shorter wavelengths, the RF decays more steeply for τ > 1/Y (as it does when p ≤ 0) than for longer wavelengths (much as for p > 0; see Figure 3 ).
In addition, as a result of the temperature gradient within individual clouds, the dust cloud emission is also strongly anisotropic at shorter wavelengths, with the difference between the fluxes emerging from the illuminated and non-illuminated sides of the cloud becoming smaller as wavelength increases. Therefore, the contribution of a given cloud to the torus response, especially at wavelengths 10 µm, depends on the fraction of its illuminated surface that is visible to the observer, which varies with its position relative to the central source and the line of sight to the observer. The main effect is to reduce the response amplitude at short delays τ ∼ 0, which tends to increase the RWD.
This "cloud orientation" effect is much weaker at longer wavelengths ( 10 µm), since the clouds are effectively optically thin at these wavelengths and thus emit essentially isotropically.
These wavelength-dependent effects can be seen in Figure 7 , which shows RFs at 3.6 and 30 µm for an isotropically illuminated torus for several values of p and i. The tail of the RF decays much more gradually at 30 µm than at 3.6 µm for p ≤ 0, due to the slower variation of the dust cloud emissivity with torus radius at longer wavelengths. In the core, the response at 3.6 µm is reduced at short delays (τ 1/(2Y )) but enhanced at larger delays, with the largest differences occurring at larger inclinations and larger p values. The strength of this effect increases with inclination because for the clouds on the side of the torus closer to the observer a larger fraction of their cooler, non-illuminated side is displayed to the observer, decreasing the response at shorter delays, whereas the far-side clouds display a larger fraction of their illuminated side, increasing the response at longer delays. At 30 µm, the clouds emit effectively isotropically, so cloud orientation effects are insignificant.
The variations of the descriptive quantities with p are compared with those for the globally optically thick case in Section 5.2 (see Figure 15 ). As a result of the partial suppression of the response at short delays for shorter wavelengths, due to the cloud orientation effect, the RFs for the globally optically thin models typically reach their maxima sooner for wavelengths > 10 µm than for shorter wavelengths. Nevertheless, the RWD generally increases with wavelength and also increases systematically with p as in the blackbody case ( Figure 15 , top panel, stars and dashed lines). The RWD/LWR ratio is not very sensitive to p but is generally > 1, with larger values at shorter wavelengths, reaching ≈ 1.5 for λ = 2.2 µm (Figure 15 , middle panel).
As would be expected, the strength of the cloud orientation effect also depends on the optical depth, τ V , of the individual clouds. This will be discussed, in comparison with the corresponding globally optically thick torus models, in Section 5. -Globally optically thin torus versus p: Response functions for an isotropically illuminated torus with σ=45 • and Y =10 at 3.6 (blue) and 30 µm (red/orange), where each row represents a different inclination from top (i=0 • ) to bottom (i=90 • ). Each column represents a different p value increasing from left (p = −2) to right (p = 4). The torus is filled with dust clouds that emit anisotropically (i.e., including cloud orientation), and the black line is the analytic transfer function for a spherical shell. 
Anisotropic Illumination
As discussed in Section 2, the AGN UV/optical continuum illuminating the torus is expected to be anisotropic due to edge darkening in a thin accretion disk. To model this in TORMAC, the inner radius of the torus (i.e., the dust sublimation radius) has a polar angle dependence given by Equation 2, which is controlled by the parameter s. Anisotropic illumination (s < 1) results in a dust sublimation surface that resembles a figure eight in a vertical plane through the center of the torus (A17, Figure 10 ). This allows dust clouds to reside closer to the AGN continuum source near the equatorial plane than is the case for isotropic illumination.
This has an important effect on the RF at all wavelengths. Response functions for an anisotropically illuminated, globally optically thin torus (purple line) are shown in Figures 8 and 25 (Appendix B) for 3.6 and 30 µm, respectively. The shorter light-travel times to the innermost clouds result in RFs that peak at shorter lags and exhibit sharper and narrower features than their counterparts for isotropic illumination (blue line). The effects are most dramatic at shorter wavelengths, where the emission is dominated by the hotter, innermost clouds.
The effect of anisotropic illumination on the RFs is controlled by s. The isotropic case is recovered as s → 1, but there is little difference between the RFs for s = 0.01 and s = 0.1, showing that the main effects of anisotropic illumination are already present at s = 0.1.
The variations of the descriptive quantities with s are shown in Figure 26 (Appendix B). In general, the RWD decreases as s is decreased, reaching a value at 3.6 µm (dark blue line) that is ∼ 30% smaller than that of the isotropically illuminated case (s = 1) at the lowest value of s = 0.01; at longer wavelengths, the change is somewhat smaller. The ratio RWD/LWR (middle panel Figure 26 ) is relatively insensitive to s, increasing only slightly as s decreases.
Cloud Shadowing
There is a chance that any given cloud will have the light from the central source blocked by intervening clouds at smaller radii and thus will not be directly illuminated by the AGN continuum source. These shadowed clouds are heated instead by the diffuse radiation -Torus with cloud shadowing versus Φ: Response functions for an isotropically illuminated torus with σ = 45 • ; Y = 10; p = 0; for i = 0, 45, 90 • at 3.6 µm. The blue lines represent simulations without cloud shadowing, the purple lines represent the simulations with cloud shadowing for values of the average volume filling factor ranging from Φ=0.001 (right) to 0.1 (left), and the black line is the analytic spherical shell transfer function.
field of nearby directly heated clouds and therefore emit isotropically. The effects of cloud shadowing on the RF were briefly discussed in A17, where it was noted that it has a dramatic effect on the RFs at shorter wavelengths (3.6 µm and λ < 10 µm, in general), but a relatively small effect at longer wavelengths (λ = 10, 30 µm).
The average number of clouds intercepting a given radial ray increases with the volume filling factor, Φ. For example, in the cases shown in Figures 9 and 27 (Appendix B), an equatorial ray is intercepted by ≈ 22, 5, and 1 cloud(s) for Φ=0.1, 0.01, and 0.001, respectively 1 . The probability that a given cloud will be shadowed also increases with its radial distance, r, and also depends on the radial cloud distribution. Therefore, for given values of Y and p, more clouds are shadowed as Φ increases, resulting in a more centrally concentrated distribution of directly heated clouds. This has an effect similar to that of decreasing p and results in a higher response amplitude in the core at short delays (τ ∼ 0) as compared 1 Note that for Φ 0.1 the approximation used to compute the spectra of the indirectly heated clouds breaks down, as noted by Nenkova et al. (2008a) . This case is included here as an extreme limiting case but should not be considered "realistic".
with longer delays (τ ∼ 1/Y ), thus partly offsetting the effects of cloud orientation (purple lines in Figure 9 ). The RF tail also decays more steeply as Φ increases. These effects are strongest at shorter wavelengths, where the emission is dominated by directly heated clouds (Figure 9 ). At longer wavelengths (e.g., 30 µm; Figure 27 ; Appendix B), the introduction of cloud shadowing has relatively little effect on the RFs. At these wavelengths, even the directly heated clouds emit essentially isotropically, and as more clouds are shadowed, heating by the diffuse radiation field is sufficient to maintain the dust emissivity.
Reflecting the changes in the RFs, the RWD decreases and the CTAR increases with increasing Φ, for wavelengths ≤ 10 µm ( Figure 28 ; Appendix B). For Φ 0.01, RWD ∼ 1/Y , the light-crossing time of the torus inner cavity, for λ = 2.2, 3.6, and 4.5 µm. The increase in CTAR reflects the steeper decay of the RF tail as shadowing effects become more important (as seen in Figure 9 ). The RWD/LWR ratio shows little variation with Φ at i = 0 • (circles and solid lines) but for the shorter wavelengths tends to decrease slowly with Φ at i = 45 • (stars and dashed lines). Response functions for an isotropically illuminated torus with σ=45 • ; Y = 10; p = 0; for i = 0, 45, 90 • at 3.6 (left) and 30 µm (right). The blue lines represent simulations without cloud occultation (or Φ ∼ 0.0001); the orange and purple lines represent the simulations with cloud occultation for Φ=0.1 and 0.01, respectively; and the black line is the analytic spherical model.
In general, the introduction of cloud shadowing has the effect of decreasing both the RWD and the RWD/LWR ratio compared to the values of the globally optically thin torus models.
Cloud Occultation
The dust emission from any one cloud may be intercepted and attenuated by other intervening clouds that happen to lie along the same line of sight to the observer. The strength of the attenuation depends on the cloud optical depth and the number of occulting clouds, which itself depends on the path length through the torus along the observer's line of sight, the radial cloud distribution (p), and the volume filling factor, Φ (Section 2.1).
Cloud occultation has the strongest effect at short wavelengths, where the optical depth is relatively large (e.g., τ 3.6 µm ≈ 1.4 for the standard value of τ V = 40). However, in contrast to the effects of cloud orientation and cloud shadowing, cloud occultation can also have significant effects even at 30 µm (where τ 30 µm ≈ 0.4 for τ V = 40) as a result of cumulative extinction by multiple clouds (Figure 10 , right column).
For given values of Φ, p, and Y , the effect on the RF is strongly dependent on inclination (and, to a lesser extent, the angular width, σ), since this determines the path length through the torus that each cloud's emission must traverse to reach the observer, and hence the regions of the torus that suffer least occultation ( Figure 10) .
At i = 0 • , the early response of the RF at the shorter wavelengths is dominated by clouds around the inner "wall" of the torus, closest to the observer (i.e., r ≈ R d,iso , β ≈ σ; points A and A in Figure 24 ). This results, if Φ is large, in a sharp peak at a delay τ ≈ (1 − sin(σ))/(2Y ) ≈ 0.015 (Equation A5). For smaller Φ, clouds around R d,iso on the far side of the inner "wall" (i.e., around points C and C in Figure 24 ) are less likely to suffer occultation, resulting in a broader peak, with a shoulder at a delay τ ≈ (1 + sin(σ))/(2Y ) ≈ 0.085 (see the orange and purple lines in Figure 10 , top left panel).
At i = 45 • , cloud occultation has relatively little effect on the response, since (for σ ≤ 45 • ) the clouds along the inner "wall" of the torus farthest from the observer (r ≈ R d,iso , −σ ≤ β ≤ σ; between points A and C in Figure 24 ) are not occulted. These clouds, which have their illuminated faces toward the observer, dominate the response at delays τ 1/Y , as for the globally optically thin models.
Lastly, at i = 90 • , the path lengths are maximized for most clouds. The early response at short wavelengths is, nevertheless, dominated by the hot clouds around R d,iso . Although a large fraction are occulted, and therefore their short-wavelength emission is attenuated, they are still brighter at these wavelengths than the cooler clouds at larger radii in the near side of the torus, even though the latter are less likely to be occulted. However, at larger values of Φ attenuation of emission from the inner clouds becomes more severe, with the result that the amplitude of the RF core is reduced relative to that of the tail (see Figure 10 , bottom left panel).
The strength of both the cloud orientation and cloud occultation effects depends on the cloud optical depth, but in fact the RFs (and the RWD) are relatively insensitive to τ V , except at i = 90 • (Figures 11 and 30, in Appendix B) . At a given wavelength, cloud occultation tends to become more important as τ V increases, until the clouds become individually optically thick at that wavelength, when cloud orientation effects take over as the main factor in modifying the RF. For instance, at 3.6 µm the effects of cloud orientation become more important than cloud occultation for τ V = 100 (for which τ 3.6 µm ≈ 3.4 and τ 30 µm ≈ 1.1), causing the peak response to shift to longer delays (Figure 11 , purple line).
The RWD varies slowly with Φ at i = 0 • (Figure 29 , Appendix B; top panel, circles and solid lines), despite the large changes in the RF. The sharper and earlier peak that develops as Φ increases is evidently balanced by the slower decay of the tail. At higher inclinations, the RWD increases monotonically but relatively slowly as Φ increases (stars and dashed lines for i = 45 • in Figure 29 ).
The RWD/LWR ratio generally decreases as Φ increases for all i (middle panel, Figure 29 ), although the change is more gradual for i = 45 • (stars and dashed lines) than at i = 0 • (circles and solid lines). The decrease in RWD/LWR is mainly due to the LWR, which increases as a result of cloud occultation effects. It is also worth noting that RWD/LWR can reach values < 1 as Φ increases at most wavelengths; thus, the RWD can underestimate the LWR when cloud occultation is included.
The RWD and CTAR quantities show similar trends as τ V increases for models with and without cloud occultation: the RWD generally increases, and CTAR decreases for τ V > 10; the behavior at smaller τ V ( 10) depends on wavelength (top and bottom panels of Figure 30; Appendix B) . The models that include cloud occultation (circles and solid lines) generally have higher RWD values but lower values of the RWD/LWR ratio than their globally optically thin counterparts (stars and dashed lines).
In summary, the effects of cloud occultation can either increase or decrease the response lag of the torus dust emission relative to the globally optically thin case, depending on the parameters Φ and i, with the size of the effect generally being comparable at all wavelengths.
GLOBALLY OPTICALLY THICK TORUS
In the previous section, we have individually discussed the effects of the different radiative transfer treatments that are included in TORMAC in order to identify their role in modifying the torus RFs. In this section, all of these treatments are included in the models in order to explore the response of a globally optically thick (GOT) torus, i.e., when the torus has a volume filling factor that is large enough that cloud shadowing and cloud occultation effects are important. In most cases, the RFs of the globally optically thick torus models are compared with equivalent models that include only cloud orientation ef-fects (that is, a globally optically thin torus filled with optically thick dust clouds). Unless otherwise noted, all models assume an isotropically illuminated, sharp-edged torus.
5.1. Volume Filling Factor, Φ The features identified in Section 4 allow us to approximately determine what radiative transfer processes have most influence on the RFs as Φ increases. For instance, the steepening of the decay tail for τ > 1/Y is predominantly due to cloud shadowing, whereas the sharper and earlier peak within the core τ < 1/Y can generally be attributed to cloud occultation. Thus, at wavelengths 10 µm (purple and orange lines in the left column of Figure 12 ), increasing Φ generally results in sharper, narrower RFs, which peak at short delays (τ ∼ 0 for i = 0 • and i = 90 • ), while at i = 90 • , the second peak (at τ ∼ 1/Y ) is heavily reduced as a result of cloud occultation.
As Φ decreases, fewer clouds are occulted and/or shadowed, so cloud orientation effects become more important, especially at shorter wavelengths. The globally optically thin RFs are recovered at small values of Φ ( 0.001, depending on wavelength). Cloud orientation effects also play a larger role at intermediate inclinations, since the response is dominated by clouds along the inner radius on the side farthest from the observer, which are neither shadowed nor occulted. This is why the RFs are least sensitive to Φ at i = 45 • (Figure 12, middle row) .
At 30 µm, the RFs for the globally thin and thick cases are very similar, except at i = 90 • , where the second peak is reduced in the latter case (bottom row, right column of Figure 12 ). As previously discussed, although the clouds are individually optically thin at this wavelength, with longer path lengths through the edge-on torus, the cumulative effect of attenuation by several occulting clouds is sufficient to partially suppress the response at longer delays.
The RF descriptive quantities follow generally similar behavior as Φ is varied for both isotropic and anisotropic illumination of the torus (Figures 13, and 31 and 32, Appendix B), although the RWD values are usually smaller and the CTAR values larger for anisotropic illumination. The RWD generally decreases and CTAR increases as Φ increases, but in detail the behavior depends on inclination, with the largest changes occurring for i = 0 • (Figure 13 ). For instance, at 3.6 µm the RWD decreases by a factor of ∼ 2 at i = 0 • as Φ is increased from 0.0001 to 0.1.
It is also notable that in both illumination cases the RWD at wavelengths ≤ 4.5 µm reaches minimum values corresponding to ∼ R d /c for higher values of Φ (> 0.01) and lower inclinations (i ≤ 45 • ) (top panels of Figures 13  and 31; Appendix B) . For example, for i = 0 • (Figure 13 ) and Φ = 0.1, at 3.6 µm, RWD ≈ 0.03 for anisotropic illumination and ≈ 0.05 for isotropic illumination, compared to the light-crossing times of the inner dust-free cavity of 0.032 and 0.1, respectively.
The RWD/LWR ratio also exhibits rather different behavior as Φ is varied at different inclinations. At both i = 0 • and 90 • (Figures 13 and 32, respectively) , a sharp decrease occurs for Φ > 0.001, by factors of 2 − 3 at shorter wavelength (e.g., 3.6 µm). As a result, at face-on and edge-on inclinations, RWD/LWR generally has val- ues > 1 for Φ 0.001 but is < 1 for Φ 0.01, with the largest changes occurring at shorter wavelengths. On the other hand, RWD/LWR shows only slow variations with Φ at i = 45 • (Figure 31 ), and is always > 1, a consequence of the fact the RFs do not change much at this inclination, even between the globally optically thin and thick models (Figure 12) .
In general, neither RWD nor CTAR shows a particularly strong dependence on inclination for either illumination case (Figure 33; Appendix B) . For Φ = 0.01, the RWD increases slowly and CTAR decreases slowly with i, reflecting the broadening of the RF core as i → 45 • and the slower decline of the tail as i → 90 • . The RWD/LWR ratio, however, exhibits a peak around i ≈ 45 • in Figure 33 , which results from the sharp decreases with Φ at i ≈ 0 • and i ≈ 90 • .
Overall, however, none of the descriptive quantities show a strong dependence on either Φ or i, typically varying by factors of 2 over the ranges 10 −4 ≤ Φ ≤ 10 −1 and 0 • ≤ i ≤ 90 • .
Radial Cloud Distribution, p
As shown in Sections 3.2 and 4.1, the value of p determines the rate at which the RF decays for delays τ 1/Y , with more positive values producing more gradual decays at a given wavelength. The 3.6 µm RFs of a globally optically thick torus are shown for several values of p and both illumination cases in Figure 14 . In the globally optically thin case (blue lines), the RF peak occurs at τ ≈ 1/Y at all inclinations and p values. In contrast, for the globally optically thick torus (orange lines), the effects on the RF of both cloud shadowing and cloud orientation depend on the radial distribution of the clouds, controlled by p.
For p ≤ 0, the clouds are more centrally concentrated, strengthening cloud shadowing and occultation effects in the RF core. On the other hand, for p > 0, the decay tail is more affected, resulting in a steeper decay as compared to the globally optically thin case. As a result, the peak response of the globally optically thick torus occurs at delays ranging between τ ≈ 0 and ≈ 1/Y , depending on p and i. Similar behavior is seen at other wavelengths 10 µm. At 30 µm, shadowing and occultation have relatively little effect on the RF, and hence the differences with respect to the globally optically thin torus are relatively small.
The combination of anisotropic illumination with cloud shadowing and cloud occultation for p ≤ 0 results in extremely narrow and sharply peaked RFs at i = 0 and 90 • (red lines in Figure 14) . Indeed, the response at i = 0 • becomes a spike at τ ≈ (1 − sin(σ))/(2Y ) ∼ 0.015 (see Equation A5 ), corresponding to the intersection of the isodelay surface with the inner edge of the torus on the side nearest to the observer.
The RF descriptive quantities for globally optically thick (with Φ=0.01) and globally optically thin tori are compared as a function of p in Figure 15 . The RWD increases strongly with p in both cases, particularly at shorter wavelengths. For the globally optically thick torus models, the RWD generally has lower values than in the globally optically thin case but undergoes a larger increase, reflecting the larger changes in the RF as p increases ( Figure 14) .
The CTAR also exhibits similar behavior for both the globally optically thin and thick models, decreasing strongly as p is increased, with the globally optically thick torus models generally having larger values, reflecting the sharper and relatively strong RF peaks.
In comparison, the RWD/LWR ratio exhibits relatively small changes with p in both cases, even at the shorter wavelengths. However, it is notable that the globally optically thick torus models have much smaller RWD/LWR values than the globally optically thin case for p ≤ 0, reflecting the sharper RFs, but the two cases converge to similar values for p > 0. Figure 16 shows the variations of the descriptive quantities with Y for isotropically illuminated globally optically thick (Φ = 0.01) and thin torus models for i = 0, 45, and 90 • . The major effect of increasing Y is to narrow the core of the RF relative to the decay tail (see Figure 2) and as a result, the RWD varies strongly with Y at all wavelengths for p = 0. At shorter wavelengths, the RWD loci for the torus models roughly follow the RWD∼ 1/Y relationship of the analytical spherical shell solution. The dependence is weaker for longer wavelengths and for less centrally concentrated cloud distributions (p > 0). Similar behavior is seen at all three inclinations.
Both RWD/LWR and CTAR also show quite strong variations with Y , although there are substantial differences in behavior between the globally optically thick and thin models, and in detail the behavior is also dependent on inclination. In RWD/LWR, the two cases exhibit similar behavior at i = 45 • (middle row of Figure 16 ), since the RFs are similar for the globally optically thick and thin models at this inclination for the reasons discussed in Section 5.1. However, the trends diverge at i = 0 • and i = 90 • , with RWD/LWR remaining > 1 in the globally optically thin models, but dropping to values < 1 in the globally optically thick models, due to the effects of cloud shadowing and cloud occultation on the LWR.
In CTAR (bottom row of Figure 16 ), both torus models typically exhibit larger and more complex variations at shorter wavelengths than the spherical shell solution, with the detailed behavior differing considerably between the globally thin and thick cases, and also with wavelength. The CTAR reaches higher values in the globally optically thick models than in the globally optically thin case for Y = 10 − 20, reflecting the much more sharply peaked RFs that result from cloud shadowing and occultation effects. At 10 and 30 µm, on the other hand, where radiative transfer effects have less influence on the RF shapes, CTAR exhibits quite similar behavior in both cases, exhibiting a monotonic decrease with increasing Y , similar to the analytical solution.
Angular Width, σ
The main effect of increasing σ is to broaden the RF core, but this causes only minor changes in the descriptive quantities (Figure 34; Appendix B) . In the globally optically thick model, RWD is almost independent of σ, exhibiting variations of < 10% as σ varies from σ = 15 • to 60 • , whereas for the globally optically thin case, RWD increases gradually with σ, but only by ≈ 20%. The RWD/LWR ratio exhibits similarly small changes in both cases ( 20%). As might be expected, CTAR is most sensitive to σ in both models, decreasing (λ ≤ 4.5 µm) or increasing gradually (λ = 10, 30 µm) as σ increases. The variations in all three quantities with respect to σ are also relatively small at the other inclinations. -GOT torus versus p at 3.6 µm: Response functions for a torus with σ = 45 • ; Y = 10; Φ = 0.01; for i = 0, 45, 90 • at 3.6 µm. Each column represents a different p value increasing from left (p = −2) to right (p = 2). The blue lines represent simulations with only cloud orientation included, and the orange lines represent the simulations with all of the radiative transfer treatments included with Φ = 0.01; in both cases the torus is illuminated isotropically by the central source. The red lines represent the simulations with all of the radiative transfer treatments (i.e., the globally optically thick (GOT) models) included with Φ = 0.01, where the torus is illuminated anisotropically by the central source. The black line is the analytic spherical transfer function. 
Torus Surface: Sharp versus Fuzzy
In the globally optically thin models, the RFs differ only slightly between the sharp-edged and fuzzy-edged torus models (Figure 8 , purple and red lines, respectively). However, in the globally optically thick case, the effects of cloud occultation are reduced in the fuzzyedged torus, since the clouds are distributed within an effectively larger volume. Thus, for example, clouds at higher altitudes above the disk midplane (i.e., β σ) are occulted by fewer intervening clouds, if at all, and this can quite substantially modify the RFs, as shown in Figure 17 . The largest differences occur at the higher inclinations, for which the path length through the torus is typically longer for a given cloud. At i = 90 • , the fuzzy torus RF is much broader than the sharp-edged counterpart, due to emission from high-altitude clouds, which are likely to be occulted (or shadowed) by fewer clouds.
As a result of the broadening of the RF due to the high-latitude clouds, with β σ, the fuzzy-edge torus typically has higher values of RWD and RWD/LWR, and lower CTAR, with the differences being larger at shorter wavelengths (stars and dashed lines in Figure 35 ; Appendix B). Much larger differences occur at higher inclinations and higher volume filling factors, when the fuzzy torus RFs at short wavelengths are substantially broader than those for the sharp-edged case. For example, for 3.6 µm and Φ = 0.01, the RWD for the fuzzy torus is ∼ 60% longer than for the sharp-edged torus at i = 90 • , compared with ∼ 20% at i = 0 • .
Cloud Optical Depth, τV
The effects of varying the cloud optical depth, τ V , are illustrated in Figure 18 , which compares the RFs for globally optically thin and thick torus models at several values of τ V (= 5, 40, 100) for 3.6 and 30 µm.
As already discussed in Section 4.3, although both the cloud orientation and cloud occultation effects depend on τ V , it has only a relatively modest effect on the shapes of the RFs. As τ V is increased, the cloud emission at shorter wavelengths becomes more anisotropic, and in the globally optically thin case (blue lines), therefore, the response amplitude is more strongly reduced at shorter delays within the core, which results in the RF peaking at τ ∼ 1/Y . In the globally optically thick case (orange lines), increasing τ V also tends to reduce the response at longer delays within the core due to cloud occultation. As a result, the 3.6 µm RF (solid lines) peaks at τ ≈ 0 for i = 0 • and 90 • for all values of τ V (top and bottom rows). Cloud occultation has the least effect at i = 45 • (middle row), where the core response is predominantly shaped by cloud orientation effects (see Section 4.3). However, in comparison with the RFs for the globally optically thin models, the globally optically thick models typically have narrower RFs with steeper decay tails. This is the result of cloud shadowing, which is independent of τ V (for the range considered here) since even at τ V = 5 the clouds are still effectively opaque to the AGN's UV/optical radiation.
At 30 µm, the RFs are very similar for both the globally optically thick and thin torus models, and change only slightly as τ V increases. The clouds emit almost isotropically, even for τ V = 100, and it is only when the torus is edge-on that small differences between the globally optically thick and thin cases appear.
None of the RF descriptive quantities are particularly sensitive to τ V for either the globally optically thick or globally optically thin torus. For example, at i = 0 • , the RWD changes by 10% overall and shows slight increases or decreases depending on wavelength (Figure 36 ; Appendix B). This is generally also the case even at i = 90 • , where the effects of both cloud occultation and cloud orientation on the RFs are strongest. Evidently, even large variations in τ V do not strongly affect any of the descriptive quantities.
Response-weighted Delay and Luminosity-weighted
Radius The descriptive quantities introduced in this paper provide us with a way to characterize and quantitatively compare the RFs. As mentioned in Section 3.1, the RWD is equivalent to the lag measured from IR reverberation mapping campaigns, which in turn is interpreted as the light-travel time associated with the characteristic radius of the dust emitting at the observed IR wavelength (i.e, the LWR). This is the cornerstone behind observational reverberation mapping studies. In the simplest, idealized case, it is indeed true that RWD=LWR (Section 3.2). The examples presented for more realistic dust emission models earlier in this section (Section 5) have shown that Response functions for an isotropically illuminated torus with σ = 45 • ; Y = 10; p = 0; Φ = 0.01; for i = 0, 45, 90 • at 3.6 (solid lines) and 30 µm (dashed lines). Each column represents a different τ V value increasing from left (τ V = 5) to right (τ V = 100). The blue lines represent simulations with only cloud orientation included, the orange lines represent the simulations with all of the radiative transfer treatments included (i.e., the globally optically thick (GOT) models). The black line is the analytic spherical transfer function.
this relationship approximately holds over wide ranges of the torus model parameters. Here we will explore the RWD-LWR relationship in more detail. Note that in this subsection we will consider only the RF models for the globally optically thick torus since it is the most realistic case. Figure 19 shows the RWD-LWR relationship for all of the globally optically thick models included in this study, including all the selected wavelengths. The linear best fits are also shown for each wavelength. In general, the RWD increases approximately linearly as LWR increases. However, there is quite a large scatter, which is partly due to wavelength, and the relationship is not exactly 1:1. At a specific wavelength, a given value of LWR is generally associated with a wide range in RWD. It is also clear that the slope of the best-fit lines of the RWD-LWR relationship decreases as wavelength increases, being > 1 for λ ≤ 4.5 µm, ≈ 1 when λ = 10 µm, and < 1 when λ = 30 µm.
In order to characterize the scatter seen in Figure 19 we investigated the relationship between RWD and LWR with respect to the different torus parameters. The radial depth, Y , radial cloud distribution, determined by p, and the volume filling factor, Φ, have the largest influence on the RFs and therefore the descriptive quantities.
The RWD-LWR relationship remains approximately linear as Y varies, with only minor scatter. As seen in Section 5 Figure 16 and Section 3, both the RWD and LWR decrease as Y increases. However, the RWD-LWR relationship is not exactly 1:1; the RWD tends to decrease faster than the LWR, resulting in a slightly larger gradient. Figure 20 shows the relationship between RWD and LWR at each wavelength when p is varied from −2 (lighter shades) to 4 (darker shades) for Y = 10 and inclinations i = 0• (filled circles), 45 • (stars), and 90 • (squares). Both the RWD and LWR vary strongly with p, with both increasing as p increases, yielding approximately diagonal trajectories in the RWD-LWR plane for a given inclination and wavelength. This, together with the variations with Y , is the main factor in producing the general correlation that is seen in Figure 19 .
The trend with wavelength is also apparent, with larger variations occurring for shorter wavelengths. However, we can see that the variations in RWD (and to a lesser extent in LWR) at a particular p value also depend on i. For instance, when p > 0, the LWR barely changes with inclination at any wavelength, whereas the RWD changes dramatically at short wavelengths, increasing as i increases, so as to produce the steeply rising inclination loci seen in the top right of the RWD-LWR plane in Figure 20 . The opposite is true when p ≤ 0; the changes in RWD are comparable to or smaller than the changes in LWR, and the behavior with i is not, in general, monotonic, leading to clusters of points in the bottom left of the figure. Figure 21 shows the RWD-LWR relationship when Φ is varied from 0.001 (lighter shades) to 0.1 (darker shades) for p = 0, Y = 10, and the same inclinations. Here, there is almost no correlation between RWD and LWR as Φ varies, and the detailed behavior depends strongly on wavelength. For instance, at 30 µm, the variations in RWD with both Φ and i are relatively small, whereas LWR increases with both parameters, resulting in approximately horizontal trajectories (top right in the figure).
On the other hand, at the shorter wavelengths (λ ≤ 4.5 µm), RWD tends to vary more than LWR. For i = 0 • (filled circles) the RWD decreases sharply as Φ increases, whereas the change in LWR is relatively small. The behavior is somewhat similar for i = 45 • (filled stars), except that there is little change between the intermediate and largest values of Φ (0.01 and 0.1, respectively). The largest change in LWR occurs for Φ = 0.1, as i increases from 45 • (stars) to 90 • (filled squares), whereas the change in RWD is relatively small, leading to large almost horizontal excursions across the RWD-LWR plane.
Recall that Figures 13, and 31 and 32 (Appendix B) show that models with large Φ can have values of RWD/LWR< 1. We can now see from Figure 21 that at i = 0 • this is due mainly to the decrease in RWD as Φ increases and at i = 90 • to the increase in LWR. Figures 20 and 21 show that although a fairly tight correlation is maintained between RWD and LWR as p is varied, albeit with slopes deviating slightly from unity depending on λ and i, this is not the case when Φ is varied. Referring back to Figure 19 , the general ∼ linear relation between RWD and LWR is mostly due to p and Y , with the scatter due mainly to Φ and i. Figure 22 shows the RWD/LWR distributions for the globally optically thick models shown in Figure 19 , bro- ken down by wavelength. The models where the torus is illuminated either isotropically or anisotropically are represented by open and shaded bars, respectively. At each wavelength, the distributions peak at RWD/LWR > 1 but are generally asymmetric, with a tail extending to values < 1. The widths of the RWD/LWR distributions increase as wavelength decreases, with the peak also shifting to higher values. The median values, in fact, increase systematically as wavelength decreases, as can be seen in Table 2 . Interestingly, the RWD/LWR distributions are very similar for isotropically and anisotropically illuminated tori, even though, as discussed earlier, the latter typically have much smaller RWDs. In fact, the two-sample Kolmogorov-Smirnov test, whether applied to the complete sets of models for both illumination cases (106 models for isotropic and 64 for anisotropic illumination) or to matched sets of models (54), indicates that the distributions are indistinguishable at the 95% confidence level. This is because anisotropic illumination causes comparable decreases in both the RWD and the LWR, so there is no systematic shift in the RWD/LWR distribution relative to isotropic illumination. However, the most important general result is that, even at 2.2 µm, at which the RWD/LWR distribution is broadest, almost all RWD/LWR values are within a factor of ∼ 2 of the ideal case RWD/LWR=1. The minimum, median, and maximum RWD/LWR values for each wavelength are listed in Table 2 for both isotropic and anisotropic illumination and for the various cloud-level and global optical depth effects considered in Sections 4 -5.3. In general, the median RWD/LWR at a given wavelength is largest for the globally optically thin torus and smallest for the globally optically thick torus. We also see that cloud occultation has a greater effect in decreasing this ratio than cloud shadowing. As the globally optically thick models typically have the smallest median values but also exhibit the widest range in RWD/LWR, the general result that the RWD/LWR values are within a factor of ∼ 2 of unity holds in all cases. More precisely, if we consider the minimum and maximum values for the most extreme case (the anisotropically illuminated globally optically thick torus), then at the short wavelengths (2.2, 3.6, and 4.5 µm) the RWD underestimates the LWR by at most a factor of ≈ 2.5, or overestimates it by at most a factor of 1.4-1.8. At 10 and -The normalized distributions of RWD/LWR with respect to wavelength for the complete set of globally optically thick torus models. Each panel shows the distribution with respect to isotropic or anisotropic illumination of the torus as empty and shaded bars, respectively. For better comparison, the distributions have been normalized by the total number of models run for the two illumination cases (106 and 64 for isotropic and anisotropic illumination, respectively). 30 µm, the RWD is within 10-40% of the LWR. However, the median values indicate that more typically the RWD only overestimates the LWR by 30-40% at 2.2 µm and by < 20% at longer wavelengths.
It is also of interest to compare the RWD to the lightcrossing time of the inner torus cavity, which is the same for all models. Table 3 lists the minimum, median, and maximum values of RWD in units of the normalized inner cavity light-crossing time, τ d , which is given by RWD×Y . The models that include only cloud shadowing have the lowest median values of RWD×Y but those of the globally optically thick models are only slightly larger median values, while the models including only cloud occultation have the largest values. This indicates that cloud shadowing has the largest effect in modifying RWD×Y relative to the globally optically thin case. The range in RWD×Y is also much larger than the range in RWD/LWR, particularly for the globally optically thick models. For example, the maximum values of RWD×Y are typically ∼ 4 − 5, implying that the RWD∼ 4 − 5 × τ d , even at 2.2 µm. However, the median values for λ ≤ 4.5 µm are ∼ 1.
At a given wavelength, the dust cloud distribution parameters such as p and Φ, global opacity effects, and anisotropic illumination all play important roles in determining the RWD and LWR of a torus. However, despite the range of values in RWD, LWR, and therefore RWD/LWR, Figure 19 and Table 2 show that the RWD is a reliable proxy of the LWR for the globally optically thick torus. The correlation between RWD and LWR becomes tighter as wavelength increases. Regardless of wavelength and illumination, the median RWD/LWR for all the globally optically thick models is 1.09, with minimum and maximum values of 0.38 and 1.80, respectively. Thus, the RWD is always within a factor of 3 (at most) of the LWR.
DISCUSSION
In A17, we described the basic capabilities of our dust reverberation code, TORMAC, and discussed the dust emission RFs for a limited range of torus parameters, in particular Y , p, and i. In that paper, we focused on the effects of dust radiative transfer within individual clouds (i.e., the cloud orientation effect) for cases where the torus is illuminated either isotropically or anisotropically by the AGN continuum. We also briefly discussed the effects of cloud shadowing on the RFs.
In this paper, we have introduced cloud occultation and expanded the parameter space to include several additional parameters, specifically Φ, s, σ, and τ V , as well as wider ranges in the parameters discussed in A17. We separately investigated the effects on the RFs of the different radiative transfer treatments included in TOR-MAC (cloud orientation, shadowing, and occultation) and then presented globally optically thick models in which all these effects are included. In addition, we considered the effects of anisotropic illumination and compared RFs computed for a sharp-edged torus (the standard model) with the RFs for more realistic "fuzzy" torus models. We have also introduced quantities that characterize the lag (RWD), effective torus radius (LWR), and RF shape (CTAR) and investigated their dependence on the model parameters.
Which Torus Properties Most Strongly Influence
the Response? The blackbody cloud models discussed in Section 3 illustrate how the shape of the RF depends on the basic torus parameters Y , i, σ, and p. The response reaches its maximum amplitude within the inner cavity lightcrossing time (τ d = 1/Y ), and therefore the radial depth parameter, Y , sets the width in τ of the RF "core" relative to the overall duration of the response but does not otherwise affect its shape. The shape of the decay "tail" segment of the RF is controlled by the power-law index (p) of the radial cloud distribution, with more centrally concentrated distributions resulting in steeper decays. The inclination (i) and angular width (σ) affect the shape (and width) of the core response (for τ < 1/Y ), which, for example, is flat-topped with a delayed onset for i = 0 • but double-peaked for i = 90 • .
For this idealized case of a disk with constant angular width, the RWD depends only on Y and p; it is independent of i and σ, just as for a spherical shell (Section 3). In addition, and again similar to the spherical shell case, RWD = LWR independently of the model parameters. That is, the dust reverberation lag (RWD) is, in this ideal case, an exact measure of the effective radius of the torus (LWR).
However, the RFs can be substantially modified, in a wavelength-dependent way, both by dust radiative transfer within individual clouds and also by extinction effects within the body of the torus.
The emission from an individual cloud at a particular wavelength depends not only on T cl and τ V but also, because of the temperature gradient between the illuminated and non-illuminated sides, on α, its position angle within the torus with respect to the observer. The emission is therefore orientation dependent and the effect is to reduce the response at short delays (τ ∼ 0), particularly for i > 0 and for shorter wavelengths. The change in the response increases the RWD, which results in the RWD overestimating the LWR for all wavelengths in "globally optically thin" models.
Also, recall that the change in the emitted flux of a cloud is highly wavelength dependent, with the emission at shorter wavelengths decreasing much faster with respect to distance from the central source than the emission at larger wavelengths. Thus, the RFs for the shorter wavelengths are generally much more sensitive to the model parameters.
Cloud shadowing, that is, shielding of clouds from the AGN continuum source by intervening clouds, also causes wavelength-dependent modifications to the RF. The fraction of clouds that is shadowed is a function of Y , p, and Φ. As Φ increases, more clouds are shadowed, leading to changes in the RF shape similar to changing p. In other words, the RF is less severely reduced at short delays (partly offsetting the effects due to cloud orientation), and the tail decays more steeply as more clouds are shadowed. This effect tends to decrease the RWD, although it still, slightly, overestimates the LWR.
As noted in A17, the contribution of the indirectly heated clouds is likely overestimated at higher values of Φ, since we assume that the diffuse radiation field comes from neighboring directly heated clouds. In reality, at higher values of Φ, most directly heated clouds are concentrated near the inner edge of the torus, and therefore the diffuse radiation produced by these clouds would be attenuated by geometrical dilution and extinction, and also subject to significant light-travel delays.
Cloud occultation refers to the extinction of IR emission from a given cloud due to intervening clouds along the line of sight to the observer. The amount of attenuation depends on Φ, p, i, σ, and τ V . In this case, the RFs are significantly affected at all wavelengths, not just the shorter ones. The RFs are typically more sharply peaked at earlier delays, offsetting the effects of cloud orientation, but have shallower tail decays. Overall, this leads to larger RWDs. However, the ratio between RWD and LWR is smaller than when cloud shadowing is included or when the torus is globally optically thin, and can even become < 1.
The cloud orientation, cloud shadowing, and cloud occultation effects discussed above combine to produce the RFs of the globally optically thick torus. As would be expected, the importance of the global opacity effects (cloud shadowing and occultation) in shaping the RF increases with the volume filling factor, Φ. In general, as Φ increases, the RFs become narrower and more sharply peaked at τ < 1/Y (due mainly to cloud occultation), with more rapidly decaying tails (due to cloud shadowing). However, the way in which the RFs change as Φ varies is wavelength dependent, and it also depends on other torus parameters, particularly p, i, and, to a lesser extent, τ V .
Reflecting the changes in the RF, the RWD generally decreases as Φ increases, with the shorter wavelengths being the most sensitive. However, in detail the behavior also depends on inclination. Also, certain parameter combinations result in values of RWD < LWR. For example, for λ ≤ 4.5 µm RWD ∼ 0.4LWR−0.5LWR when Φ 0.01, p = −2, and i = 0 or 90 • .
As discussed in A17, when the torus is illuminated anisotropically by the AGN UV/optical continuum, the dust sublimation radius becomes a function of polar angle, reaching a minimum in the equatorial plane (θ = 90 • ). The degree of anisotropy of the central source illumination is governed by the parameter s, which sets the luminosity at polar angle θ = 0 • , relative to the isotropic luminosity.
As a result of the smaller light-travel times to the innermost clouds, the RFs exhibit narrower core widths and sharper peaks than for isotropic illumination. The degree to which anisotropic illumination affects the RFs also depends on p, Φ, and i. In general, anisotropic illumination results in smaller values of RWD, with the decrease relative to isotropic illumination being dependent on i and on p, in particular, as well as wavelength. Anisotropic illumination also results in a smaller LWR, which, in fact, exhibits variations with s similar to those of the RWD. As a result, even though the RWD decreases by up to a factor of ∼ 2 at shorter wavelengths, the RWD/LWR ratio is only slightly smaller, if at all (typically 20%), for anisotropic illumination than for isotropic illumination.
The distribution of clouds in β (elevation angle measured from the equatorial plane; Section 2) can have important effects on the RFs of globally optically thick models, since for a Gaussian distribution clouds at higher latitudes (β σ) are less affected by shadowing and occultation. The general effect is to broaden the RF in comparison to the sharp-edged case, especially at i = 90 • when the contribution of high-latitude clouds to the response is maximized. This produces increases in the RWD, with inclination having a stronger influence on the changes in RWD.
Overall, in the general globally optically thick case, the RWD is affected by all the parameters that determine the torus geometry (Y , i, σ), its illumination (s), the cloud distribution (both radially, p, and in β), and local or global opacity (τ V , Φ). The strength of the dependence on any one of these parameters varies with wavelength and, usually, with other parameters. Nevertheless, it is possible to make some general statements. A general summary of how the descriptive quantities change with respect to each parameter can also be found in Table 4 .
First, the RWD is much more sensitive to all of the model parameters at shorter wavelengths (i.e., λ ≤ 4.5 µm) than at longer wavelengths. Considering specific parameters, the RWD is most strongly dependent on Y , depends strongly on p, depends more moderately on Φ and s, but is relatively insensitive to i, σ, and τ V .
At 3.6 µm, the RWD decreases by a factor of ∼ 30 as Y is increased from Y = 2 to 50, for p = 0. However, this mainly reflects the 1/Y scaling of the torus inner radius since the LWR at λ ≤ 4.5 µm is generally within a factor of ∼ 2 of R d . Also at 3.6 µm, the RWD increases by a factor of ∼ 6 as p varies from −2 to 4 and decreases by a factor of ∼ 3 as s decreases from s = 1 (isotropic illumination) to 0.01 (highly anisotropic). The behavior of RWD with respect to Φ differs somewhat depending on p and i, but it varies by up to a factor of ∼ 3 at 3.6 µm over the range in Φ sampled by our models.
In contrast, the RWD varies by only ≈ 10−20% with i, σ, and τ V . However, its behavior with other parameters, notably Φ and s, depends on how the torus is inclined relative to the line of sight.
How Well Does the RWD Measure the LWR?
We have shown that the RWD can vary widely from model to model depending on the values of Y , p, s, and Φ. Nevertheless, as discussed in Section 5.4, the RWD still tracks the LWR fairly well. This is because the LWR itself depends on these parameters and exhibits similar, although not identical, behavior. That LWR varies with Y and p is to be expected from the analytical solution for the spherical models. Similarly, LWR depends on Φ because cloud shadowing causes directly illuminated clouds to be more centrally concentrated and with s because of the polar angle dependence of R d . The weaker dependence of LWR on i and σ is due to the global opacity effects, particularly cloud occultation, which depends on the path length through the torus along the observer's line of sight.
Thus, the relationship between RWD and LWR is, in general, model dependent. The RWD/LWR ratio varies to a greater or lesser extent with all the model parameters and also depends on whether the torus is sharp-edged, or fuzzy.
There is a clear trend with wavelength in the distribution of RWD/LWR, with shorter wavelengths having higher median values and broader distributions. In general, at a given wavelength, a specific value of RWD corresponds to a range in LWR, with the range being wider at shorter wavelengths. The median RWD/LWR values imply that the RWD typically overestimates the LWR, but only by 50%, even at 2.2 µm. However, for certain parameter values (e.g., p = −2, Φ ≥ 0.01, i = 0 • for λ ≤ 4.5 µm) it is also possible for the RWD to underestimate the LWR by as much as a factor of ∼ 2. Also, interestingly, the distributions in RWD/LWR are very similar for isotropic and anisotropic illumination.
Nevertheless, considering the entire parameter space covered by our model grid, 2 which covers all (if not more) plausible possibilities within the clumpy torus paradigm, the RWD is always within a factor of ∼ 3 of the LWR. Thus, the RWD, which is measurable via reverberation mapping, provides an estimate of the effective radius of the torus (i.e., LWR) at the observed wavelength to within a factor of ∼ 3, irrespective of the geometrical configuration of the torus, its orientation, cloud distribution, or illumination by the AGN continuum.
Compared to the ligh-crossing time corresponding to 2R d,iso , that is, the inner cavity of the isotropically illuminated torus, the RWD covers a much wider range (typically a factor of ∼ 10), even at wavelengths λ ≤ 4.5 µm, where the emission is dominated by the hottest clouds in the inner regions of the torus. This is not surprising because the RWD tracks the LWR, not R d,iso . Depending on wavelength and the torus parameters, r LW (= LWR×R o ) can be a factor of ∼ 10 larger than R d,iso , which is fixed by the AGN luminosity and so does not depend on these parameters. Thus, even at 2.2 µm, the RWD can exceed τ d by factors of 2 − 4 for p ≥ 2. On the other hand, under anisotropic illumination with s = 0.1 and for p ≤ 0, the RWD at 2.2 µm can reach values as low as ∼ 0.3τ d , since in this case R d (θ = 90 • ) ≈ 0.3R d,iso . It is also worth noting that the median values and ranges of RWD relative to τ d are very similar at 2.2, 3.6, and 4.5 µm, so the latter two wavelengths are just as much representative of the "inner radius" of the torus as the K-band, at least for the ISM dust composition adopted in the models presented here.
RWD-LWR Relationship and Implications for
Reverberation Mapping As outlined in Section 1, the reverberation radius has been measured in the K-band for about 20 AGN. An important result that has emerged from these studies is that the K-band reverberation radius (r K ) correlates tightly with AGN luminosity, scaling as r K ∝ L AGN 0.5 (Suganuma et al. 2006; Koshida et al. 2014) , which is the expected relationship given that the dust emitting in the K-band is heated by the AGN (Equation 2 ).
However, it has also been pointed out that the measured reverberation radii are systematically smaller by a factor of ∼ 2 than the theoretical dust sublimation radius for an ISM dust composition with an average grain size of 0.05 µm (Kishimoto et al. 2007) . Several explanations have been proposed to explain this discrepancy, including an inner component of hot graphite dust (Mor et al. 2009; Mor & Netzer 2012) or large grains (Kishimoto et al. 2007) , or anisotropic illumination of the torus (Kawaguchi & Mori 2010 A17) .
It is of interest to compare the radii corresponding to the range in the RWD values produced by our models with the observed K-band reverberation radii. In principle, it is possible to recover the RWD directly from observations using the common reverberation mapping technique of cross-correlating the optical and IR light curves to determine the time lag, t lag (e.g., Peterson et al. 2004; Koshida et al. 2014) . For well-sampled light curves covering a sufficiently long time baseline (i.e., long enough to sample the transfer function at all delays), the cross-correlation centroid (i.e., t lag ) yields the centroid of the transfer function (Koratkar & Gaskell 1991; Perez et al. 1992) . In terms of our model RFs, this is equivalent to the time delay corresponding to the RWD: t RW = 2R o RWD/c = 2YR d RWD/c. The corresponding radius is r RW = ct RW = 2Y R d RWD, where R d 0.4(L AGN /(10 45 erg s −1 )) 1/2 pc (assuming T sub = 1500 K and isotropic illumination). Figure 23 shows the K-band radius-luminosity relationship for the observationally determined values of r K available in the literature (see figure caption for refer- ences), compared with the r RW,K values derived from the 2.2 µm RFs for a subset of our globally optically thick torus models. The values of r RW corresponding to the median value of the RWD at λ = 2.2 µm and the range between the minimum and maximum RWD values are represented by a solid line and a shaded band, respectively, for both the isotropically and anisotropically illuminated torus (left and right panels, respectively). In each case, the model subset used for this purpose covers restricted ranges in p (p = 0, 2) and Φ (0.01-0.1), which approximately correspond to the models found by Nenkova et al. (2008b) to broadly reproduce observed AGN SEDs. In addition, we restrict the inclination to i ≤ 60 • since the reverberation radii can only be determined for broad-line (type 1) AGN (however, all values of Y , τ V , s, and σ are included). The isotropically illuminated sublimation radii for the ISM dust mixture with T sub = 1500 K (Nenkova et al. 2008b, and Equation 2 where s = 1) and graphite grains T sub = 1800 K (Mor & Netzer 2012 ) are also plotted for comparison. The observed reverberation radii (r K ) scale quite tightly with luminosity as r K ∝ (λL V ) 1/2 , as already noted, with the isotropically illuminated ISM dust sublimation radius lying above the observed trend by about a factor of 2. The band representing the isotropically illuminated torus models lies well above the observed radius-luminosity relationship (it also lies above the ISM dust sublimation line, but this is not surprising, as the torus inner radius is defined as R d,iso and the median LWR is r LW ≈ 1.3R d,iso at 2.2 µm). The median radius for the models is a factor of ∼ 4 higher than the observed reverberation radii. The range in r RW for the anisotropically illuminated torus extends below the ISM dust sublimation line and in fact overlaps the larger values of r K . However, even in this case, the median r RW line is still a factor of ∼ 2 above the general observed trend (coincidentally close to the ISM dust sublimation line). The smallest lags obtained for the anisotropic illumination models are t RW ∼ 0.6R d,iso /c, with these values being obtained for i = 0 • , p = 0, and s ≤ 0.1. Therefore, even though anisotropic illumination can produce lags substantially shorter than that corresponding to the ISM dust sublimation radius (as previously noted by Kawaguchi & Mori 2010, 2011 and A17) this by itself is insufficient to completely explain the discrepancy between the sublimation radius for the ISM dust mixture and the measured K-band lags.
As previously noted by Vazquez et al. (2015) , the majority of the r K values actually fall close to the sublimation line for graphite grains, suggesting that the reverberation response in the K-band could be dominated by such grains. It has also been suggested that a component of hot graphite dust residing within the ISM dust sublimation radius is required to account for a peak in the NIR SED of broad-line AGN (Mor & Netzer 2012;  10 42 10 43 10 44 10 2 10 1 10 0 r lag (pc) Rd,ISM,iso Rd,C,iso toriso 10 42 10 43 10 44 10 45 10 2 10 1 10 0 toraniso Suganuma et al. 2006 Clavel et al. 1989 Koshida et al. 2014 Pozo Nunez et al. 2015 & 2014 Mandal et al. 2018 Lira et al. 2011 & 2015 L V (erg/s) Fig. 23. -The K-band radius-luminosity relationships for the observationally determined values of r K available in the literature (Clavel et al. 1989; Suganuma et al. 2006; Lira et al. 2011; Koshida et al. 2014; Pozo Nuñez et al. 2014; Lira et al. 2015; Pozo Nuñez et al. 2015; Mandal et al. 2018 ) and for r RW,K values derived from a subset of our globally optically thick torus models. The values of r RW corresponding to the median value of the RWD and the range between minimum and maximum RWD values at λ = 2.2 µm are represented by a solid line and a shaded band, respectively, for both the isotropically (blue; left panel) and anisotropically (red; right panel) illuminated torus. The isotropically illuminated sublimation radii for the ISM dust mixture (Nenkova et al. 2008b, and Equation 2 where s = 1) and graphite grains (Mor & Netzer 2012) are also plotted as the black and gray solid lines, respectively. see also Koshida et al. 2014) . Since the sublimation temperature is higher for graphite than silicate grains and increases with grain size, inner dust clouds that survive several continuum variability events are likely to evolve a grain composition that is dominated by large graphite grains (Perna et al. 2003) . Some of these graphite clouds may also be part of a polar wind, rather than the torus itself (Hönig et al. 2017) . Infrared interferometry has revealed a strong polar component extended on scales of a few parsecs (i.e., a few × the torus inner radius) in the MIR emission of several nearby AGN (e.g., Hönig et al. 2013; López-Gonzaga et al. 2016) , and polar dust emission appears to be relatively common on scales of tens of parsecs (Asmus et al. 2016) . It has been proposed that these structures are associated with polar winds emerging from the dust sublimation region of the torus (Hönig et al. 2013 (Hönig et al. , 2017 . The effects of a population of clouds composed of large graphite grains and of a polar wind component on the reverberation response will be subjects of future papers.
Another notable feature of Figure 23 is that the scatter about the observed radius-luminosity relation (≈ 0.3 dex) is much smaller than the range in r RW spanned by the model bands (∼ 0.7 dex for both isotropic and anisotropic illumination), even for the restricted subset of models used here. This suggests that in reality there are relatively small variations between AGN in the parameters that most affect the torus response, namely, 3 p, Φ, and s. For example, if the p = 2 models are excluded from the model subset, the range in r RW for isotropic illumination is comparable to the observed scatter. Alternatively, it is possible that the relatively small observed scatter is a consequence of the fact that, as dis-cussed above, the K-band response is dominated by hot graphite dust clouds located within a narrow range in radius, between the sublimation radii for graphite and silicate grains.
The relatively small scatter in the observed r K ∝ (λL V ) 1/2 relation promises that a more detailed comparison between torus response simulations and the observed light curves may place much tighter constraints on the torus properties as represented by the model parameters. In this paper, we have presented the torus responses to a short UV/optical continuum pulse to approximate the transfer function. However, TORMAC is also capable of computing the torus response to input light curves based on observed AGN optical light curves (A17). In future work, we will use TORMAC to model the IR (Kband; Spitzer 3.5 and 4.5 µm) light curves of previously monitored individual sources in detail, with the aim of generating the best-fit probability density distributions for the key torus parameters.
The Effects of Saturation
As the AGN luminosity increases, the surface temperature of clouds located near the inner edge of the torus is likely to exceed T sub . However, as outlined in Section 2 (see also the discussion in A17), these clouds are optically thick and may be expected to survive much longer than the sublimation time for an individual grain. In the current version of TORMAC, this is handled simply by restricting the cloud surface temperature to a maximum value T cl,max = T sub = 1500 K, regardless of the computed value. The emission from such clouds does not change in response to the input continuum pulse that is used to compute the RFs. This inhibits the torus response at short delays, with the result that the RF tends to "saturate". In reality, however, even individual grains can survive at temperatures above T sub for timescales comparable to characteristic AGN continuum variability timescales (e.g., ∼ 60 days for a 1 µm grain at 1600 K; Waxman & Draine 2000) . Emission from these "superheated" grains will boost the response amplitude, particularly at shorter wavelengths.
In order to determine whether this saturation effect could significantly change our results, a comparison set of torus models was computed in which saturation does not occur. For this purpose, the temperature range covered by the grid of synthetic cloud spectra used to determine the cloud emission was extended to include values of T cl up to 1700 K. This is approximately the surface temperature that a cloud at radius R d would reach for a factor of 2 increase in L AGN , the amplitude of the continuum pulse used to compute the RFs. Response functions were then computed using the extended grid for a set of models in which T cl,max = 1700 K, sparsely sampling the ranges in the torus parameters that are considered in this paper.
The RFs produced by the T cl,max = 1700 K models have slightly shorter RWDs than the corresponding models for which the cloud surface temperature is capped at T cl,max = 1500 K (as used in this paper). This is because the innermost clouds, which respond at the shortest delays, reach higher temperatures and thus produce stronger emission in response to the continuum pulse than is the case when their temperatures are capped. This has the effect of enhancing the amplitude of the RF at shorter delays, resulting in a shorter RWD than when the RF is saturated. Therefore, comparison of the two sets of models shows that the main effect of saturation (that is, capping the cloud surface temperature) is to slightly increase the RWD.
The size of the effect is largest at the shorter wavelengths and also depends on the torus parameters, particularly Y , p, and, to a lesser extent, Φ and i. However, even at 2.2 µm, the differences between the RFs for T cl,max = 1500 K (saturated) and T cl,max = 1700 K (nonsaturated) are relatively small. The median increase in RWD at this wavelength is ∼ 10%, with the most extreme case being a 40% increase for an anisotropically illuminated, face-on torus.
As the LWR is computed for the initial state of the torus, prior to the continuum pulse, it is not affected by saturation, and therefore the RWD/LWR ratio increases by the same amount as the RWD. On the other hand, saturation tends to decrease CTAR, again because the amplitude at early delays (i.e., within the core of the RF) is reduced. The effect is again larger at shorter wavelengths but is relatively small even at these wavelengths; the median decrease in CTAR is ∼ 15% at 2.2 µm.
Overall, saturation has a relatively small effect. Even at 2.2 µm, it only increases the RWD and hence the quantities derived from it (RWD/LWR ratio and r RW ) by ∼ 10%. This does not significantly alter our main results.
CONCLUSIONS
TORMAC simulates the multiwavelength IR response of the AGN torus to variations in the optical/UV continuum. It includes the effects of anisotropic emission from the clouds (cloud orientation) and accounts for cloud shadowing and heating by the diffuse IR radiation field. It also accounts for anisotropic illumination of the torus by the AGN continuum. In this paper, we outlined the implementation of cloud occultation and presented a comprehensive exploration of the torus RFs at selected wavelengths. In the most realistic case of a globally optically thick torus, a given RF model is defined by parameters that determine the torus geometry (Y , i, σ), the degree of anisotropy of the AGN radiation field (s), the cloud distribution in radius (p) and in polar angle (uniform or Gaussian), the cloud optical depth (τ V ), and the volume filling factor (Φ).
We first explored the RFs for an idealized case in which the torus is populated by isotropically emitting blackbody clouds, in order to characterize the basic shape of the RF for a disk and to establish how the response-weighted delay (RWD), its ratio to the luminosity weighted radius of the torus (RWD/LWR), and the shape of the RF (CTAR) depend on Y , p, σ, and i. In general, we find that even though the RF shape depends on all 4 parameters, the RWD depends only on Y (controlling the RF core width, ∼ 1/Y ) and p (controlling the steepness of tail decay) and is independent of i and σ. In fact, the behavior of the computed RWD with p and Y is identical to that predicted by a simple analytical formula derived for a spherical shell (Equation 6). In addition, as for the spherical solution, RWD = LWR (expressed in dimensionless units) for all values of the model parameters.
A large set of RFs 4 was created for torus models in which the IR dust emission was determined using cloud spectra generated using the DUSTY radiative transfer code. This model set was used to investigate the effects on the response at selected wavelengths (2.2, 3.6, 4.5, 10, 30 µm) of the torus geometry, cloud orientation, cloud optical depth, global torus opacity effects (cloud shadowing and cloud occultation), and anisotropic illumination.
In these models, a given cloud's emitted flux as a function of surface temperature (hence distance from the illuminating source) is highly wavelength dependent, with the emission at shorter wavelengths decreasing more rapidly as temperature decreases. Furthermore, due to an internal temperature gradient, the dust clouds emit anisotropically, with the emission being more strongly anisotropic at shorter wavelengths. As a result, the observed emission from a cloud depends on its orientation with respect to the central source and the observer. This tends to reduce the response amplitude at short delays, which results in larger RWDs for wavelengths < 10 µm than would be the case if the clouds emitted isotropically. While the RFs are still mainly dependent on Y and p, with these radiative transfer effects, they also become more dependent on σ and i, showing larger variations in shape with these parameters, especially at shorter wavelengths.
The global opacity effects, namely, cloud shadowing and cloud occultation, become influential as the volume filling factor increases; more clouds are shadowed/occulted for higher volume filling factors. Cloud shadowing tends to result in "sharper" RFs yielding shorter RWDs, but the effects are highly wavelength dependent, being much stronger at shorter wavelengths. At longer wavelengths, the effect is smaller due to the contribution of the cooler, shadowed clouds that are heated by the diffuse radiation field. However, as noted in Footnote 1 and discussed in A17, for high values of the volume filling factor the approximate treatment of diffuse radiation field heating overestimates the contribution of these clouds to the RF. The effects of cloud occultation are also wavelength dependent, with shorter wavelengths again being most strongly affected. As the number of occulting clouds along a given line of sight is partly determined by the path length through the torus, the way in which cloud occultation affects the RF shape and hence the RWD depends on the volume filling factor and also inclination.
Overall, the globally optically thick torus models, i.e. those with Φ 0.001, typically produce narrower RF core widths and steeper decay tails, leading to much smaller RWDs compared to the globally optically thin case (in which cloud shadowing and cloud occultation are insignificant). As might be expected, the RWD generally increases with wavelength, with the largest range in RWD occurring for larger values of Y and smaller values of p.
Anisotropic illumination of the torus by the AGN radiation field also has the effect of narrowing the RF core width and steepening the decay tail. Therefore, anisotropic illumination substantially decreases the RWD compared to the isotropic illumination case. The largest effect occurs at shorter wavelengths, where the emission is largely due to the hotter, innermost clouds, but it also depends on inclination, since these inner clouds are more likely to be occulted at larger inclinations.
In general (see Table 4 ), the RWD is most influenced by Y , p, s, and Φ; it decreases as Y increases (approximately as 1/Y ) and as Φ increases (but with the exact behavior depending on i and p), whereas it decreases as p decreases (i.e., as the clouds become more centrally concentrated) and as s decreases (as the radiation field becomes more anisotropic). In each case, the changes in RWD are larger at shorter (2.2, 3.6, 4.5 µm) than at longer (10, 30 µm) wavelengths. On the other hand, the RWD is relatively insensitive to σ, τ V , and also i, even though the RF shape is quite strongly inclination dependent.
Our models show that the RF shapes can be quite dramatically affected by the torus geometry and inclination, the cloud distribution, radiative transfer and global opacity effects, and anisotropic illumination. Nevertheless, it can be generally stated that RWD∼LWR within a factor of 3, even though the RWD by itself can vary by a factor of ∼ 10 at shorter wavelengths. The ratio RWD/LWR is a function of wavelength: for the globally optically thick models, the median value ranges from ≈ 1.4 at 2.2 µm to ≈ 1.0 at 30 µm. The dispersion also decreases with wavelength, from 0.4 RWD/LWR 1.8 at 2.2 µm to 0.7 RWD/LWR 1.1 at 30 µm. The volume filling factor drives much of the dispersion in RWD/LWR, which becomes more sensitive to other parameters, notably i for large values of Φ. On the other hand, as compared to the isotropic illumination case, anisotropic illumination does not produce systematically different values of RWD/LWR. The finding that RWD ≈ LWR over the wide range of parameter values that we have explored is important for the interpretation of results from IR reverberation mapping campaigns on multiple levels. It confirms that the reverberation lag, which is essentially the time delay corresponding to the RWD, provides a reasonably robust estimate, to within a factor of ∼ 3, of the luminosityweighted torus radius. This therefore confirms the basic assumption that the reverberation lag is a good measure of the torus "size" at that wavelength, even though we lack detailed knowledge of the torus structure and composition. This in turn is important for using AGN IR reverberation lags as cosmological standard candles, which is the main goal of the new VISTA Extragalactic Infrared Legacy Survey (VEILS; Hönig et al. 2017) .
It should also be noted that the strong wavelength dependence of the IR reverberation response may have implications for detailed studies of the IR SEDs of AGN, since the dust emission at short wavelengths responds quickly to short timescale UV/optical continuum variability, whereas at longer wavelengths the dust emission response will only follow longer-term variations. In a sample of IR SEDs for different AGN obtained from "snapshot" observations, this could result in a wider dispersion in the strength of the dust continuum in the K -M bands relative to that at ∼ 30 µm (where the torus SED peaks) than that due only to object-to-object differences in the SED. The effects of reverberation on the torus SED will be explored in a future paper.
A number of further refinements are necessary to fully capture the complexities associated with dust sublimation and distributions in cloud optical depth and dust composition. In particular, compared to the results from observational reverberation mapping in the K-band, our models predict radii that are larger by factors of ∼ 2 and 4 for anisotropic and isotropic illumination, respectively. The discrepancy between the observed and modeled reverberation radii is most likely due to the lack of a "hot dust" component, i.e., large, carbonaceous grains, residing within the time-averaged sublimation radius (r < R d ), whose emission spectrum is brighter at shorter (NIR) wavelengths. This can be treated by implementing a more sophisticated treatment of timedependent dust sublimation that incorporates a radial distribution in dust cloud composition. These features, a dynamic treatment of dust sublimation, a radial gradient in dust composition, and polar clouds, will be included in the next version of TORMAC. This will enable more accurate calculations of the reverberation response at short wavelengths (especially the J, H, and K bands), which are most accessible to ground-based observations.
We also plan to include polar dust clouds in TORMAC since interferometric observations have shown that polar dust emission is the dominant source of the MIR continuum in some AGN (e.g., Hönig et al. 2013; Asmus et al. 2016) . In Seyfert 1 galaxies, this dust will in general be closer (in polar angle) to the observer's line-of-sight than the torus itself and could significantly modify the MIR response at short delays.
The key advantage of NIR/MIR reverberation mapping over single-dish imaging or interferometry is that it is not critically dependent on spatial resolution and so it can be used to study much larger samples of AGN.
Although only ∼ 20 AGN have been "reverberation mapped" in the IR to date, the VEILS campaign is predicted to recover K-band light curves for ∼ 500 type 1 AGN at redshifts ranging up to z ≈ 1 (Hönig et al. 2017 ). The current observed scatter about the r K ∝ L 0.5 UV relation is much smaller than the range spanned by the model results, indicating that AGN tori are relatively homogeneous in comparison to the parameter ranges sampled by our model grid. This suggests that the planned upgrades and detailed modeling of observed light curves with TORMAC will yield constraints not only on the size of the torus but also on other properties such as the radial depth, opening angle, and cloud distribution, all as a function of redshift.
As an aid for interpreting the response functions presented in this paper, we briefly discuss the isodelay surface corresponding to a short continuum pulse emitted by the AGN central source, as it propagates through the torus from the point of view of a distant observer. In general, a cloud located at radial distance r from the central source will be observed to respond to the continuum pulse with a delay, t (measured from the time at which the observer detects the continuum pulse), given by
where α is the angle between the cloud-central source and the observer-central source vectors. Equation A1 defines a paraboloid isodelay surface, whose axis is aligned with the observer's line of sight (LOS) and with its focus at the central continuum source. In the case of a cloud located within the torus at coordinates (r,β,φ), cos α = cos β cos φ sin i + sin β cos i
where i is the inclination of the torus to the LOS. In terms of the normalized delay, τ = ct/2R o , the isodelay surface is given by
where γ = r/R o . As an example, consider a torus with angular width σ = 45 • , inclined at i = 45 • , as shown in Figure 24 . The isodelay surfaces corresponding to delays τ = 0.2 and 0.5 are shown. For simplicity, we consider only clouds residing in the plane containing the torus axis and the LOS, which have φ = 0 (near side) or φ = π (far side). In this case, cos α = ± cos β sin i + sin β cos i = 1 √ 2 (± cos β + sin β).
(A4)
Recall that β is the cloud's elevation angle, measured from the torus mid-plane. Therefore, clouds located in the near-side "upper" surface of the torus along the line A-D have β = σ = 45 • and, thus, cos α = 1. These clouds are observed to respond with zero delay with respect to the continuum pulse (τ = 0), as expected since they are located along the LOS. On the other hand, for a cloud located at A (at the sublimation radius on the far-side upper surface), cos α = 0, and since γ = 1/Y , it responds with a delay τ = 1/2Y . Similarly, a cloud located at D (γ = 1) responds after a delay τ = 1/2. As the isodelay surface is symmetric about the LOS, clouds located at the corresponding positions on the near side (i.e., C and F) have the same delays. For the clouds located at C and D , along the LOS but on the far side of the torus, the delays are, respectively, τ = 1/Y and 1, i.e., the light-crossing times of the torus and the inner cavity, i.e., the spheres defined by R d,iso and the torus outer radius, R o . For convenience, the delays corresponding to the positions labeled in Figure 24 are listed in Table 5 .
Note that, in general, for inclinations i < 90 • − σ, the direct LOS to the central continuum source does not intercept any part of the torus, and therefore the onset of the torus response is delayed by
This is the delay corresponding to a cloud located at position A in Figure 24 . For larger inclinations, the response begins immediately, as in the situation depicted in Figure 24 . 
B. ADDITIONAL FIGURES
Additional figures referenced in Sections 4 and 5. Figures 25 and 26 show RFs and descriptive quantities for the globally optically thin torus when the degree of anisotropy, s, is varied as discussed in Section 4.1. Figures 27 and  28 show RFs and descriptive quantities for a torus with cloud orientation and cloud shadowing included when the volume filling factor, Φ, is varied (Section 4.2). Figures 29 and 30 show descriptive quantities for a torus with cloud orientation and cloud occultation included when the volume filling factor, Φ, and cloud optical depth, τ V , are varied, respectively (Section 4.3).
Figures 31−33 show descriptive quantities for the GOT torus when the volume filling factor, Φ, and inclination, i, are varied (Section 5.1). Figures 34−36 show descriptive quantities for the GOT torus when the angular width, σ, torus surface (sharp or fuzzy), and cloud optical depth, τ V , are varied (Section 5.3). -GOT torus varying Φ at i=45 • : Response function descriptive quantities for a globally optically thick torus with p=0, i=45 • , σ=45 • , and Y =10 with respect to different values of Φ at select wavelengths. The circles and solid lines represent the models where the torus is illuminated isotropically, and the stars and dashed lines represent the models where the torus is illuminated anisotropically. The limiting globally optically thin case is represented at a nominal value of Φ = 0.0001. Both tori have a sharp surface boundary. The colors represent the different wavelengths (2.2, 3.6, 4.5, 10, and 30 µm). The black line represents the analytic solution for RWD/LWR for a spherical shell with blackbody clouds. -GOT torus varying τ V : Response function descriptive quantities for an isotropically illuminated torus with σ = 45 • , p = 0, Φ = 0.01, i=0 • , and Y =10 with respect to different values of τ V at select wavelengths. The circles and solid lines represent the globally optically thick (GOT) torus models, and the stars and dashed lines represent the torus models with only cloud orientation. The colors represent the different wavelengths (2.2, 3.6, 4.5, 10, and 30 µm). The analytic spherical shell solution is plotted as a solid black line for comparison.
